


CHAPTER i
NORMED SPACES.
BANACH SPACES

Particularly useful and important metric spaces are obtained if we take
a vector space and define on it a metric by means of a norm. The
resulting space is called a normed space. If it is a complete metric
space, it is called a Banach space. The theory of normed spaces, in
particular Banach spaces, and the theory of linear operators defined on
them are the most highly developed parts of functional analysis. The
present chapter is devoted to the basic ideas of those theories.

Important concepts, brief orientation about main content

A normed space (cf. 2.2-1) is a vector space (cf. 2.1-1) with a
metric defined by a norm (cf. 2.2-1); the latter generalizes the length of
a vector in the plane or in three-dimensional space. A Banach space
(cf. 2.2-1) is a normed space which is a complete metric space. A
normed space has a completion which is a Banach space (cf. 2.3-2). In
a normed space we can also define and use infinite series (cf. Sec. 2.3).

A mapping from a normed space X into a normed space Y is
called an operator. A mapping from X into the scalar field R or C is
called a functional. Of particular importance are so-called bounded
linear operators (cf. 2.7-1) and bounded linear functionals (cf. 2.8-2)
since they are continuous and take advantage of the vector space
structure. In fact, Theorem 2.7-9 states that a linear operator is
continuous if and only if it is bounded. This is a fundamental result.
And vector spaces are of importance here mainly because of the linear
operators and functionals they carry.

It is basic that the set of all bounded linear operators from a given
normed space X into a given normed space Y can be made into a
normed space (cf. 2.10-1), which is denoted by B(X, Y). Similarly, the
set of all bounded linear functionals on X becomes a normed space,
which is called the dual space X' of X (cf. 2.10-3).

In analysis, infinite dimensional normed spaces are more impor-
tant than finite dimensional ones. The latter are simpler (cf. Secs. 2.4,
2.5), and operators on them can be represented by matrices (cf. Sec.
2.9).
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Remark on notation
We denote spaces by X and Y, operators by capital letters
(preferably T), the image of an x under T by Tx (without paren-
theses), functionals by lowercase letters (preferably f) and the value of f
at an x by f(x) (with parentheses). This is a widely used practice.

2.1 Vector Space

Vector spaces play a role in many branches of mathematics and its
applications. In fact, in various practical (and theoretical) problems we
have a set X whose elements may be vectors in three-dimensional
space, or sequences of numbers, or functions, and these elements can
be added and multiplied by constants (numbers) in a natural way, the
result being again an element of X. Such concrete situations suggest
the concept of a vector space as defined below. The definition will
involve a general field K, but in functional analysis, K will be R or C.
The elements of K are called scalars; hence in our case they will be
real or complex numbers.

2.1-1 Definition (Vector space). A vector space (or linear space) over
a field K is a nonempty set X of elements x, y,--- (called vectors)
together with two algebraic operations. These operations are called
vector addition and multiplication of vectors by scalars, that is, by
elements of K.

Vector addition associates with every ordered pair (x, y) of vectors
a vector x + v, called the sum of x and y, in such a way that the following
properties hold." Vector addition is commutative and associative, that
is, for all vectors we have

xty=y+x

x+(y+z)=(x+y)+z;

furthermore, there exists a vector 0, called the zero vector, and for
every vector x there exists a vector —x, such that for all vectors we

! Readers familiar with groups will notice that we can summarize the defining
properties of vector addition by saying that X is an additive abelian group.
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have
x+0=x

x+(—x)=0.

Multiplication by scalars associates with every vector x and scalar
a a vector ax (also written xa), called the product of @ and x, in such a
way that for all vectors x, y and scalars a, B we have

a(Bx)=(aB)x

1x=x
and the distributive laws

a(x+y)=ax+ay
(a+B)x =ax+Bx. 1

From the definition we see that vector addition is a mapping
X XX—>X, whereas multiplication by scalars is a mapping
KxX—X.

K is called the scalar field (or coefficient field) of the vector space
X, and X is called a real vector space if K=R (the field of real
numbers), and a complex vector space if K =C (the field of complex
numbers?).

The use of 0 for the scalar 0 as well as for the zero vector should
cause no confusion, in general. If desirable for clarity, we can denote
the zero vector by 6.

The reader may prove that for all vectors and scalars,

(la) Ox=19
(1b) afd=10
and

2) -Dx=—x.

2 Remember that R and C also denote the real line and the complex plane,
respectively (cf. 1.1-2 and 1.1-5), but we need not use other letters here since there is
little danger of confusion.
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Examples

2.1-2 Space R". This is the Euclidean space introduced in 1.1-5, the
underlying set being the set of all n-tuples of real numbers, written
x=(0&, ", &), y=(M1, ", M), etc., and we now see that this is a real
vector space with the two algebraic operations defined in the usual
fashion

x+y:(§1+n1,”'a§n+nn)

ax =(aé, -+, a,) (x eR).

The next examples are of a similar nature because in each of them we
shall recognize a previously defined space as a vector space.

2.1-3 Space C". This space was defined in 1.1-5. It consists of
all ordered n-tuples of complex numbers x=(&,: -, &),
y=(M1, ", M), €tc, and is a complex vector space with the
algebraic operations defined as in the previous example, where now
aeC.

2.1-4 Space Cla, b]. This space was defined in 1.1-7. Each point of
this space is a continuous real-valued function on [a, b]. The set of all
these functions forms a real vector space with the algebraic operations
defined in the usual way:

(x+y)O)=x()+y(t)
(ax)(t) = ax(t) (aeR).

In fact, x+y and ax are continuous real-valued functions defined on
[a,b] if x and y are such functions and « is real.

Other important vector spaces of functions are (a) the vector
space B(A) in 1.2-2, (b) the vector space of all differentiable functions
on R, and (c) the vector space of all real-valued functions on [a, b]
which are integrable in some sense.

2.1-5 Space 1. This space was introduced in 1.2-3. It is a vector
space with the algebraic operations defined as usual in connection with
sequences, that is,

(¢, &, )+t Mo, - )=(E1tm, &+ M2, 0 )
a(f[, §2’ o ') = (agl, a§27 o ')'
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In fact, x = (&) e I’ and y =(n;) € I’ implies x +y € I, as follows readily
from the Minkowski inequality (12) in Sec. 1.2; also ax €[>

Other vector spaces whose points are sequences are I~ in 1.1-6, I” in
1.2-3, where 1=p<+x, and s in 1.2-1. 1

A subspace of a vector space X is a nonempty subset Y of X such
that for all y;, y.€ Y and all scalars «, B we have ay, +By.€ Y. Hence
Y is itself a vector space, the two algebraic operations being those
induced from X.

A special subspace of X is the improper subspace Y =X. Every
other subspace of X (#{0}) is called proper.

Another special subspace of any vector space X is Y ={0}.

A linear combination of vectors xy, - - -, x,, of a vector space X is
an expression of the form

aq1Xq +a2x2+ ot QX

where the coefficients ay, - - -, a,,, are any scalars.
For any nonempty subset M < X the set of all linear combinations
of vectors of M is called the span of M, written

span M.

Obviously, this is a subspace Y of X, and we say that Y is spanned or
generated by M.

We shall now introduce two important related concepts which will
be used over and over again.

2.1-6 Definition (Linear independence, linear dependence). Linear
independence and dependence of a given set M of vectors xq,- - -, x,
(r=1) in a vector space X are defined by means of the equation

(3) a1x1+a2x2+ s +a,x,=0,
where ay,---,a, are scalars. Clearly, equation (3) holds for
a;=ay="--=a,=0. If this is the only r-tuple of scalars for which (3)

holds, the set M is said to be linearly independent. M is said to be lin-
early dependent if M is not linearly independent, that is, if (3) also holds
for some r-tuple of scalars, not all zero.

An arbitrary subset M of X is said to be linearly independent if
cvery nonempty finite subset of M is linearly independent. M is said to
be linearly dependent if M is not linearly independent. 1
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A motivation for this terminology results from the fact that if
M={x,,---,x} is linearly dependent, at least one vector of M can
be written as a linear combination of the others; for instance, if (3)
holds with an «, # 0, then M is linearly dependent and we may solve
(3) for x, to get

X, = lel R +Br—1xr—1 (B] = —aj/ar)~

We can use the concepts of linear dependence and independence
to define the dimension of a vector space, starting as follows.

2.1-7 Definition (Finite and infinite dimensional vector spaces). A
vector space X is said to be finite dimensional if there is a positive
integer n such that X contains a linearly independent set of n vectors
whereas any set of n+1 or more vectors of X is linearly dependent. n
is called the dimension of X, written n =dim X. By definition, X ={0}
is finite dimensional and dim X = 0. If X is not finite dimensional, it is
said to be infinite dimensional. 1

In analysis, infinite dimensional vector spaces are of greater inter-
est than finite dimensional ones. For instance, C[a, b] and [? are
infinite dimensional, whereas R" and C" are n-dimensional.

If dim X =n, a linearly independent n-tuple of vectors of X is
called a basis for X (or a basis in X). If {e,- - -, e,} is a basis for X,
every x € X has a unique representation as a linear combination of the
basis vectors:

X =aie;t+ - +aue,.

For instance, a basis for R" is

This is sometimes called the canonical basis for R".
More generally, if X is any vector space, not necessarily finite
dimensional, and B is a linearly independent subset of X which spans
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X, then B is called a basis (or Hamel basis) for X. Hence if B is a basis
for X, then every nonzero x € X has a unique representation as a linear
combination of (finitely many!) elements of B with nonzero scalars as
coefficients.

Every vector space X # {0} has a basis.

In the finite dimensional case this is clear. For arbitrary infinite
dimensional vector spaces an existence proof will be given by the use
of Zorn’s lemma. This lemma involves several concepts whose expla-
nation would take us some time and, since at present a number of
other things are more important to us, we do not pause but postpone
that existence proof to Sec. 4.1, where we must introduce Zorn’s
lemma for another purpose.

We mention that all bases for a given (finite or infinite'dimen-
sional) vector space X have the same cardinal number. (A proof would
require somewhat more advanced tools from set theory; cf. M. M. Day
(1973), p. 3.) This number is called the dimension of X. Note that this
includes and extends Def. 2.1-7.

Later we shall need the following simple

2.1-8 Theorem (Dimension of a subspace). Let X be an n-
dimensional vector space. Then any proper subspace Y of X has dimen-
sion less than n.

Proof. If n=0, then X={0} and has no proper subspace. If
dim Y=0, then Y={0}, and X#Y implies dim X=1. Clearly,
dim Y=dim X =n. If dim Y were n, then Y would have a basis of n
elements, which would also be a basis for X since dim X = n, so that
X =Y. This shows that any linearly independent set of vectors in Y
must have fewer than n elements, and dim Y<n. 1§

Problems

1. Show that the set of all real numbers, with the usual addition and
multiplication, constitutes a one-dimensional real vector space, and the
set of all complex numbers constitutes a one-dimensional complex
vector space.

2. Prove (1) and (2).
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12.

13.
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Describe the span of M ={(1, 1, 1), (0,0, 2)} in R".

Which of the following subsets of R* constitute a subspace of R>?
[Here, x = (&1, &, £).]

(a) All x with & =¢, and &=0.

(b) All x with ¢, =& +1.

(c) All x with positive &, &, &.

(d) All x with & —&+& =k =const.

Show that {x,,-- -, x,}, where x;(t)=4¢, is a linearly independent set
in the space Cl[a, b].

Show that in an n-dimensional vector space X, the representation of

any x as a linear combination of given basis vectors e;,-- -, e, is
unique.
Let {e;,- - -, e,} be a basis for a complex vector space X. Find a basis

for X regarded as a real vector space. What is the dimension of X in
either case?

If M is a linearly dependent set in a complex vector space X, is M
linearly dependent in X, regarded as a real vector space?

On a fixed interval [a, b]< R, consider the set X consisting of all
polynomials with real coefficients and of degree not exceeding a given
n, and the polynomial x =0 (for which a degree is not defined in the
usual discussion of degree). Show that X, with the usual addition and
the usual multiplication by real numbers, is a real vector space of
dimension n+1. Find a basis for X. Show that we can obtain a
complex vector space X in a similar fashion if we let those coefficients
be complex. Is X a subspace of X?

If Y and Z are subspaces of a vector space X, show that YNZ is a
subspace of X, but YU Z need not be one. Give examples.

If M#J is any subset of a vector space X, show that span M is a
subspace of X.

Show that the set of all real two-rowed square matrices forms a vector
space X. What is the zero vector in X? Determine dim X. Find a basis
for X. Give examples of subspaces of X. Do the symmetric matrices
x € X form a subspace? The singular matrices?

(Product) Show that the Cartesian product X = X; X X, of two vector
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spaces over the same field becomes a vector space if we define the two
algebraic operations by

(x1, X2) +(y1, ¥2) = (X1 +y1, X2+ y2),
a(xy, X5) = (ax;, ax,).

14. (Quotient space, codimension) Let Y be a subspace of a vector
space X. The coset of an element x € X with respect to Y is denoted by
x+Y and is defined to be the set (see Fig. 12)

x+Y={v|v=x+y,yeY}h

Show that the distinct cosets form a partition of X. Show that under
algebraic operations defined by (see Figs. 13, 14)

Ww+HY)+(x+Y)=(w+x)+Y
a(x+Y)=ax+Y

these cosets constitute the elements of a vector space. This space
is called the quotient space (or sometimes factor space) of X by Y
(or modulo Y) and is denoted by X/Y. Its dimension is called the
codimension of Y and is denoted by codim Y, that is,

codim Y =dim (X/Y).

15. Let X=R® and Y ={£,,0,0)| £, €R}. Find XY, X/ X, X/{0}.

w+Y)+ (x+Y)=(w+x)+Y

x+Y x+Y

w+Y
/i Y Kx\( / Y
/ //
/ ! x
/ //

w
7

Fig. 12. Illustration of the notation  Fig. 13. Illustration of vector addition in a
x+Y in Prob. 14 quotient space (cf. Prob. 14)
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2(x +Y)= 2¢ t Y

/ x+Y

lx+v)=1a+y
2 2

Y

\X\W\\ \\

Fig. 14. Illustration of multiplication by scalars in a quotient space (cf. Prob. 14)

2.2 Normed Space. Banach Space

The examples in the last section illustrate that in many cases a vector
space X may at the same time be a metric space because a metric d is
defined on X. However, if there is no relation between the algebraic
structure and the metric, we cannot expect a useful and applicable
theory that combines algebraic and metric concepts. To guarantee such
a relation between ‘‘algebraic” and ‘‘geometric” properties of X we
define on X a metric d in a special way as follows. We first introduce
an auxiliary concept, the norm (definition below), which uses the
algebraic operations of vector space. Then we employ the norm to
obtain a metric d that is of the desired kind. This idea leads to the
concept of a normed space. It turns out that normed spaces are special
enough to provide a basis for a rich and interesting theory, but general
enough to include many concrete models of practical importance. In
fact, a large number of metric spaces in analysis can be regarded as
normed spaces, so that a normed space is probably the most important
kind of space in functional analysis, at least from the viewpoint of
present-day applications. Here are the definitions:

2.2-1 Definition (Normed space, Banach space). A normed space® X
is a vector space with a norm defined on it. A Banach space is a

3 Also called a normed vector space or normed linear space. The definition was given
(independently) by S. Banach (1922), H. Hahn (1922) and N. Wiener (1922). The theory

developed rapidly, as can be seen from the treatise by S. Banach (1932) published only
ten years later. :
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complete normed space (complete in the metric defined by the norm;
see (1), below). Here a norm on a (real or complex) vector space X is a
real-valued function on X whose value at an x € X is denoted by

[l (read “norm of x”)

and which has the properties

(N1) xll=0

(N2) [x|=0 <& x=0

(N3) llex| = el [l

(N4) Ix +ylI=]xl+ Iyl (Triangle inequality);

here x and y are arbitrary vectors in X and « is any scalar.
A norm on X defines a metric d on X which is given by

@ d(x, y)=[x—vyl (x, ye X)

and is called the metric induced by the norm. The normed space just
defined is denoted by (X, | - ||) or simply by X. &

The defining properties (N1) to (N4) of a norm are suggested
and motivated by the length |x| of a vector x in elementary vector
algebra, so that in this case we can write ||x||=]|x|. In fact, (N1) and
(N2) state that all vectors have positive lengths except the zero vector
which has length zero. (N3) means that when a vector is multiplied by
a scalar, its length is multiplied by the absolute value of the scalar.
(N4) is illustrated in Fig. 15. It means that the length of one side of a
triangle cannot exceed the sum of the lengths of the two other sides.

It is not difficult to conclude from (N1) to (N4) that (1) does define
a metric. Hence normed spaces and Banach spaces are metric spaces.

\
x ¥V nx Y
Hyll
y y
x IIx 1

Fig. 15. Tllustration of the triangle inequality (N4)
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Banach spaces are important because they enjoy certain proper-
ties (to be discussed in Chap 4) which are not shared by incomplete
normed spaces.

For later use we notice that (N4) implies

(¥)) Iyl =Ilxll| =y — xIl,

as the reader may readily prove (cf. Prob. 3). Formula (2) implies an
important property of the norm:

The norm is continuous, that is, x —— ||x|| is a continuous mapping
of (X, || into R. (Cf. 1.3-3.)

Prototypes of normed spaces are the familiar spaces of all vectors
in the plane and in three dimensional space. Further examples result
from Secs. 1.1 and 1.2 since some of the metric spaces in those sections
can be made into normed spaces in a natural way. However, we shall
see later in this section that not every metric on a vector space can be
obtained from a norm.

Examples

2.2-2 Euclidean space R" and unitary space C". These spaces were
defined in 1.1-5. They are Banach spaces with norm defined by

i 1/2
Q l=( X l&F) " ~ViEF+ - TIEF.

In fact, R" and C" are complete (cf. 1.5-1), and (3) yields the metric
(7) in Sec. 1.1: /

d(x, Y) = ”x - Y" = \/Tfl_ 771|2+ s 'gn - nnlz'
We note in particular that in R*> we have

Ixll = x| =vVé&© + &+ &2

This confirms our previous remark that the norm generalizes the
elementary notion of the length |x| of a vector.
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2.2-3 Space I°. This space was defined in 1.2-3. It is a Banach space
with norm given by

@ 1= (5 16r) "

In fact, this norm induces the metric in 1.2-3:

e 1/p
ate v =l—yl=( 3, l6-nk) "

Completeness was shown in 1.5-4.

2.2-4 Space I”. This space was defined in 1.1-6 and is a Banach
space since its metric is obtained from the norm defined by

llxl =sup &1

and completeness was shown in 1.5-2.

2.2-5 Space Cla, b]. This space was defined in 1.1-7 and is a Banach
space with norm given by

(5) [lxll = max [x(0)

where J=[a, b]. Completeness was shown in 1.5-5.

2.2-6 Incomplete normed spaces. From the incomplete metric spaces
in 1.5-7, 1.5-8 and 1.5-9 we may readily obtain incomplete normed
spaces. For instance, the metric in 1.5-9 is induced by the norm
defined by

(©) Il = j (0 de.

Can every incomplete normed space be completed? As a metric space
certainly by 1.6-2. But what about extending the operations of a vector
space and the norm to the completion? We shall see in the next section
that the extension is indeed possible.
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2.2-7 An incomplete normed space and its completion L’[a, b]. The
vector space of all continuous real-valued functions on [a, b] forms a
normed space X with norm defined by

) Il = (j x(tF dt)m.

This space is not complete. For instance, if [a, b]=[0, 1], the sequence
in 1.5-9 is also Cauchy in the present space X this is almost obvious
from Fig. 10, Sec. 1.5, and results formally by integration because for
n>m we obtain

> ! (n-mP? 1 1
1% — %ol —J; [x, () = %, (OT dt = - <3m i

This Cauchy sequence does not converge. The proof is the same as in
1.5-9, with the metric in 1.5-9 replaced by the present metric. For a
general interval [a, b] we can construct a similar’ Cauchy sequence
which does not converge in X.

The space X can be completed by Theorem 1.6-2. The completion
is denoted by L*[a, b]. This is a Banach space. In fact, the norm on X
and the operations of vector space can be extended to the completion
of X, as we shall see from Theorem 2.3-2 in the next section.

More generally, for any fixed real number p =1, the Banach space

L*[a, b]

is the completion of the normed space which consists of all continuous
real-valued functions on [a, b], as before, and the norm defined by

®) belp = ([ e ar) ™" /

The subscript p is supposed to remind us that this norm depends on
the choice of p, which is kept fixed. Note that for p =2 this equals (7).
For readers familiar with the Lebesgue integral we want to men-
tion that the space L”[a, b] can also be obtained in a direct way by the
use of the Lebesgue integral and Lebesgue measurable functions x on
[a, b] such that the Lebesgue integral of |x|° over [a, b] exists and is
finite. The elements of LP[a, b] are equivalence classes of those
functions, where x is equivalent to y if the Lebesgue integral of |x —y|”
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over [a, b] is zero. [Note that this guarantees the validity of axiom
(N2).]

Readers without that background should not be disturbed. In fact,
this example is not essential to the later development. At any rate, the
example illustrates that completion may lead to a new kind of elements
and one may have to find out what their nature is.

2.2-8 Space s. Can every metric on a vector space be obtained from
a norm? The answer is no. A counterexample is the space s in 1.2-1.
In fact, s is a vector space, but its metric d defined by

S |'fi_ni|
d(x,y)= ), S —t—
oy f;2’1+|«5—ml

cannot be obtained from a norm. This may immediately be seen from
the following lemma which states two basic properties of a metric d
obtained from a norm. The first property, as expressed by (9a), is
called the translation invariance of d.

2.2-9 Lemma (Translation invariance). A metric d induced by a norm
on a normed space X satisfies ’

(a) d(x+a,y+a)=d(x,y)
(9)
(b) d(ax, ay)=|a| d(x, y)

for all x, y, ae€ X and every scalar a.
Proof. We have
d(x+a,yta)=|x+a—(y+alll=lx—yll=d(x y)

and
d(ax, ay) =|lax —ayl|=|e|lx — y[|=|a| d(x, y). |

Problems

1. Show that the norm ||x|| of x is the distance from x to O.

2. Verify that the usual length of a vector in the plane or in three
dimensional space has the properties (N1) to (N4) of a norm.
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3. Prove (2).

4. Show that we may replace (N2) by
llx[l=0 == x=0

without altering the concept of a norm. Show that nonnegativity of a
norm also follows from (N3) and (N4).

5. Show that (3) defines a norm.

6. Let X be the vector space of all ordered pairs x=(&, &),
y =(ny, Mm2), - + - of real numbers. Show that norms on X are defined by

Ixlly =& +1&

Ixllo = (&7 + &'

]l = max {|&], | &}
7. Verify that (4) satisfies (N1) to (N4).

8. There are several norms of practical importance on the vector space of
ordered n-tuples of numbers (cf. 2.2-2), notably those defined by

llxlly = [&:] +]&| +- - “H|&]
llxll, = (& +|&l + - - - +]& )" (1<p<+w)
||x||m=max{|§1|, Y |§nl}'

In each case, verify that (N1) to (N4) are satisfied.
9. Verify that (5) defines a norm. 4

10. (Unit sphere) The sphere

S(0; 1) ={xe X ||lx]=1}

in a normed space X is called the unit sphere. Show that for the norms
in Prob. 6 and for the norm defined by

llxlla = &+ &

the unit spheres look as shown in Fig. 16.
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%l =1
lxll = 1
lx1l, = 1

llxll, = 1

7N\
N7,

Fig. 16. Unit spheres in Prob. 10
11. (Convex set, segment) A subset A of a vector space X is said to be
convex if x, ye A implies
M={zeX|z=ax+(1-a)y, 0sa=1}cA.

M is called a closed segment with boundary points x and y; any other
z € M is called an interior point of M. Show that the closed unit ball

BO; D={xeX|lx=1}

in a normed space X is convex.

(a) Convex (b) Not convex

Fig. 17. Illustrative examples of convex and nonconvex sets (cf. Prob. 11)
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12. Using Prob. 11, show that
o(x)=(V |§1| + |§2|)2

does not define a norm on the vector space of all ordered pairs

x =(&, &), - - - of real numbers. Sketch the curve ¢(x)=1 and com-
pare it with Fig. 18.

Fig. 18. Curve ¢(x)=1 in Prob. 12

13. Show that the discrete metric on a vector space X#{0} cannet be
obtained from a norm. (Cf. 1.1-8.)

14. If d is a metric on a vector space X# {0} which is obtained from a
norm, and d is defined by

d(x, x)=0, d(x,y)=d(x y)+1 (x#y),

show that d cannot be obtained from a norm.

15. (Bounded set) Show that a subset M in a normed space X is bounded
if and only if there is a positive number ¢ such that ||x||= ¢ for every
x € M. (For the definition, see Prob. 6 in Sec. 1.2.)
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2.3 Further Properties of Normed Spaces

By definition, a subspace Y of a normed space X is a subspace of X
considered as a vector space, with the norm obtained by restricting the
norm on X to the subset Y. This norm on Y is said to be induced by
the norm on X. If Y is closed in X, then Y is called a closed subspace
of X

By definition, a subspace Y of a Banach space X is a subspace of
X considered as a normed space. Hence we do not require Y to be
complete. (Some writers do, so be careful when comparing books.)

In this connection, Theorem 1.4-7 is useful since it yields im-
mediately the following

2.3-1 Theorem (Subspace of a Banach space). A subspace Y of a
Banach space X is complete if and only if the set Y is closed in X.

Convergence of sequences and related concepts in normed spaces
follow readily from the corresponding definitions 1.4-1 and 1.4-3 for
metric spaces and the fact that now d(x, y) =[x —y||:

(i) A sequence (x,) in a normed space X is convergent if X
contains an x such that

lim ||x,, — x[|=0.
n—

Then we write x, — x and call x the limit of (x,).

(i) A sequence (x,) in a normed space X is Cauchy if for every
£ >0 there is an N such that

(1) % — xall < & forall m, n> N.

Sequences were available to us even in a general metric space. In
a normed space we may go an important step further and use series as
follows. /
Infinite series can now be defined in a way similar to that in
calculus. In fact, if (x) is a sequence in a normed space X, we can
associate with (x,) the sequence (s,) of partial sums

Spn=Xitx2+ 42X,
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where n=1,2,---.If (s,) is convergent, say,
Sp —> S, that is, s, —s||— 0,

then the infinite series or, briefly, series
2 Z Xe=Xx1+tX2+ -~
k=1

is said to converge or to be convergent, s is called the sum of the series
and we write

o
s = Z xk=x1+x2+'-'.
k=1

If ||xqf| +]lxol| + - - - converges, the series (2) is said to be absolutely
convergent. However, we warn the reader that in a normed space X,
absolute convergence implies convergence if and only if X is complete
(cf. Probs. 7 t0 9).

The concept of convergence of a series can be used to define a
“basis” as follows. If a normed space X contains a sequence (e,) with
the property that for every x € X there is a unique sequence of scalars
(o) such that

(3) lx—(ajes+ - - +ane,)|—> 0 (as n —> x)

then (e,) is called a Schauder basis (or basis) for X. The series

Z O er
k=1

which has the sum x is then called the expansion of x with respect to
(e.), and we write

(==}
X = Z A Cr.
k=1

For example, I” in 2.2-3 has a Schauder basis, namely (e,), where
e, = (8,j), that is, e, is the sequence whose nth term is 1 and all other
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terms are zero; thus
e1:(110> O’ 01 o .)
(4) €= (0’ 1’ 0’ 0’ o .)

e;=(0,0,1,0,---)
etc.

If a normed space X has a Schauder basis, then X is separable (cf.
Def. 1.3-5). The proof is simple, so that we can leave it to the reader
(Prob. 10). Conversely, does every separable Banach space have a
Schauder basis? This is a famous question raised by Banach himself
about forty years ago. Almost all known separable Banach spaces had
been shown to possess a Schauder basis. Nevertheless, the surprising
answer to the question is no. It was given only quite recently, by P.
Enflo (1973) who was able to construct a separable Banach space
which has no Schauder basis.

Let us finally turn to the problem of completing a normed space,
which was briefly mentioned in the last section.

2.3-2 Theorem (Completion). Let X =(X,||) be a normed space.
Then there is a Banach space X and an isometry A from X onto a
subspace W of X which is dense in X. The space X is unique, except for
isometries.

Proof. Theorem 1.6-2 implies the existence of a complete metric
space X =(X, d) and an isometry A: X —> W= A(X), where W is
dense in X and X is unique, except for isometries. (We write A, not T
as in 1.6-2, to free the letter T for later applications of the theorem in
Sec. 8. 2) Consequently, to prove the present theorem, we must make
X into a vector space and then introduce on X a suitable norm.

To define on X the two algebraic operations of a vector space, we
consider any X%,y €X and any representatives (x,)€ £ and (y,)e€ 7.
Remember that %X and y are equivalence classes of Cauchy sequences
in X. We set z, =x,, +y,. Then (z,) is Cauchy in X since

”Zn - Zm” = ”xn + Y _(xm + Ym)”é "xn - xm” +||Yn - Ym”

We define the sumZ =%+ of X and y to be the equivalence class for
which (z,.)is a representative; thus (z,) € Z. This definition is independ-
cnt of the particular choice of Cauchy sequences belonging to £ and
y. In fact, (1) in Sec. 1.6 shows that if (x,,) ~(x,") and (y,)~(y,"), then
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(%o +¥a)~(x."+y,") because
”xn + Yn _(xn, + yn,)” = ”xn - xn’” +”yn - yn,”'

Similarly we define the product af e X of a scalar a and £ to be the
equivalence class for which (ax,) is a representative. Again, this
definition is independent of the particular choice of a representative of
£. The zero element of X is the equivalence class containing all Cauchy
sequences which converge to zero. It is not difficult to see that those
two algebraic operations have all the properties required by the
definition, so that X is a vector space. From the definition it follows
that on W the operations of vector space induced from X agree with
those induced from X by means of A.

Furthermore, A induces on W a norm |- |, whose value at every
$=Ax e Wis |§|; =||x|l. The corresponding metric on W is the restric-
tion of d to W since A is isometric. We can extend the norm |-l to X
by setting || £, = d(0, £) for every £e X. In fact, it is obvious that |||,
satisfies (N1) and (N2) in Sec. 2.2, and the other two axioms (N3) and
(N4) follow from those for |-|l; by a limit process. 1

Problems

1. Show that ¢ < I” is a vector subspace of I” (cf. 1.5-3) and so is ¢, the
space of all sequences of scalars converging to zero.

2. Show that ¢, in Prob. 1 is a closed subspace of [, so that ¢, is complete
by 1.5-2 and 1.4-7.

3. In I, let Y be the subset of all sequences with only finitely many
nonzero terms. Show that Y is a subspace of [ but not a closed

subspace. .

4. (Continuity of vector space operations) Show that in a normed space
X, vector addition and multiplication by scalars are continuous opera-
tions with respect to the norm; that is, the mappings defined by
(x, y) — x+y and (a, x) —— ax are continuous.

5. Show that x, — x and y, — y implies x, +y, — x +y. Show that
a, —> a and x, —> x implies a,x, —> ax.

6. Show that the closure Y of a subspace Y of a normed space X is again

a vector subspace.
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7.

9.

10.

11

12.

13.

14.

15.

(Absolute convergence) Show that convergence of ||y,||+||yal|+[|ysl|+ - - -
may not imply convergence of y;+y,+y;+---. Hint. Consider Y in
Prob. 3 and (y,), where y, =(n{™), 0 =1/n? n{” =0 for all j# n.

If in a normed space X, absolute convergence of any series always
implies convergence of that series, show that X is complete.

Show that in a Banach space, an absolutely convergent series is
convergent.

(Schauder basis) Show that if a normed space has a Schauder basis, it
is separable.

Show that (e,), where e, =(8,), is a Schauder basis for 7, where
1=p<+oo.

(Seminorm) A seminorm on a vector space X is a mapping
p: X—R satisfying (N1), (N3), (N4) in Sec. 2.2. (Some authors
call this a pseudonorm.) Show that
p(0)=0,
lp(y) —p(®)=p(y —x).
(Hence if p(x)=0 implies x =0, then p is a norm.)

Show that in Prob. 12, the elements x € X such that p(x)=0 form a
subspace N of X and a norm on X/N (cf. Prob. 14, Sec. 2.1) is defined
by |I£]lo =p(x), where x € £ and £e X/N.

(Quotient space) Let Y be a closed subspace of a normed space
(X, || |D. Show that a norm || - || on X/ Y (cf. Prob. 14, Sec. 2.1) is defined
by

[1%llo = inf [|x|
xex

where % € X/Y, that is, X is any coset of Y.

(Product of normed spaces) If (X, | -[l;) and (X5,|-|) are normed
spaces, show that the product vector space X = X, X X, (cf. Prob. 13,
Sec. 2.1) becomes a normed space if we define

i

llxll = max (fxll:, [lx.]) [x = (x1, x5)].
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2.4 Finite Dimensional Normed Spaces

and Subspaces

Are finite dimensional normed spaces simpler than infinite dimensional
ones? In what respect? These questions are rather natural. They are
important since finite dimensional spaces and subspaces play a role in
various considerations (for instance, in approximation theory and
spectral theory). Quite a number of interesting things can be said in
this connection. Hence it is worthwhile to collect some relevant facts,
for their own sake and as tools for our further work. This is our
program in this section and the next one.

A source for results of the desired type is the following lemma.
Very roughly speaking it states that in the case of linear independence
of vectors we cannot find a linear combination that involves large
scalars but represents a small vector.

2.4-1 Lemma (Linear combinations). Let {x,, -, x,} be a linearly
independent set of vectors in a normed space X (of any dimension).
Then there is a number ¢>0 such that for every choice of scalars
@y, ", a, we have

@ loexxs+ - - - + x| Z c(lon| + - - - + o)) (c>0).

Proof. We write s =|ay|+ - - +|a,|. If s=0, all o; are zero, so
that (1) holds for any c¢. Let s>0. Then (1) is equivalent to the
inequality which we obtain from (1) by dividing by s and writing
Bi = ajs, that is,

@ [Buxit -+ Buxl= e (£ 18l-1).

/
Hence it suffices to prove the existence of a ¢ >0 such that (2) holds
for every n-tuple of scalars B, - -, B, with Y |B;|= 1.

Suppose that this is false. Then there exists a sequence (y,,) of
vectors

= Bkt + B, (£ 18m1=1)
j=1
such that ‘

[yl — 0 as m —> oo,
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Now we reason as follows. Since Y, |8{™] =1, we have |8{™|=1. Hence
for each fixed j the sequence

(B](m)) (B(l) (2) . )

is bounded. Consequently, by the Bolzano-Weierstrass theorem, (8™)
has a convergent subsequence. Let B; denote the limit of that subse-
quence, and let (y1,,») denote the corresponding subsequence of (y,,). By
the same argument, (y;,.) has a subsequence (y.,.) for which the
corresponding subsequence of scalars B5™ converges; let 8, denote the
limit. Continuing in this way, after n steps we obtain a subsequence
(Yum) = Y15 Yn2s = - °) Of (y,») whose terms are of the form

Z Y% (Zl lvi™l= 1)
i=
(m)

with scalars y{™ satisfying y{™—> B; as m —> ». Hence, as
m—> oo,

Ym —> y= Zl Bixi
i<

where Y |B;| =1, so that not all B; can be zero. Since {x;, - -, x,} is a
linearly independent set, we thus have y#0. On the other hand,
Yn.m —> y implies || yn.m/|l— [ly|, by the continuity of the norm. Since
[[Yinll — 0 by assumption and (y,,,.) is a subsequence of (y,,), we must
have ||y,.m||— 0. Hence |ly]|=0, so that y=0 by (N2) in Sec. 2.2.
This contradicts y#0, and the lemma is proved. 1

7
As a first application of this lemma, let us prove the basic

2.4-2 Theorem (Completeness). FEvery finite dimensional subspace Y
of a normed space X is complete. In particular, every finite dimensional
normed space is complete.

Proof. We consider an arbitrary Cauchy sequence (y,,) in Y and
show that it is convergent in Y; the limit will be denoted by y. Let
dim Y=nand {ey, - - -, e,} any basis for Y. Then each y,, has a unique
representation of the form

ym=aiert -t ae,
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Since (yn) is a Cauchy sequence, for every & >0 there is an N such that
|ym — y:| <& when m, r> N. From this and Lemma 2.4-1 we have for
some ¢ >0

n

(m) (3]

=c Z lej™ —aj”,
=1

n
e >lym =yl = 3, (af-ahe
li=1
where m, r> N. Division by ¢ >0 gives
< €
laf™ —a|= Y, |a™ — o) << (m, r>N).
i=1

This shows that each of the n sequences
(agm)) = (aEI)s a§2)7 o ) =L ,n

is Cauchy in R or C. Hence it converges; let «; denote the limit. Using
these n limits a,, - - -, a,, we define

y=aie;+ - +age,.

Clearly, y € Y. Furthermore,

Ve — Il =

n n
Z (a?n)_ai)ei = Z |a§M)—ai| ||e,~||.
i=1 ji=1

On the right, aj™”——a;. Hence |ly,—y|—0, that is, y,—y.
This shows that (y,,) is convergent in Y. Since (y,,) was an arbitrary
Cauchy sequence in Y, this proves that Y is complete. B

From this theorem and Theorem 1.4-7 we have

2.4-3 Theorem (Closedness). Every finite dimensional subspace Y of
a normed space X is closed in X.

We shall need this theorem at several occasions in our further
work.

Note that infinite dimensional subspaces need not be closed.
Exainple. Let X =C[0,1] and Y =span (xo, X1, - - -), where x;(t)=1’,
so that Y is the set of all polynomials. Y is not closed in X. (Why?)
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Another interesting property of a finite dimensional vector space
X is that all norms on X lead to the same topology for X (cf. Sec. 1.3),
that is, the open subsets of X are the same, regardless of the particular
choice of a norm on X. The details are as follows.

2.4-4 Definition (Equivalent norms). A norm | - || on a vector space
X is said to be equivalent to a norm | - ||, on X if there are positive
numbers a and b such that for all x € X we have

3) allxllo = lxl| = Bllxlo- i

This concept is motivated by the following fact.
Equivalent norms on X define the same topology for X.

Indeed, this follows from (3) and the fact that every nonempty
open set is a union of open balls (cf. Prob. 4, Sec. 1.3). We leave the
details of a formal proof to the reader (Prob. 4), who may also show
that the Cauchy sequences in (X, || - [[) and (X, || - [lo) are the same (Prob.
5).

Using Lemma 2.4-1, we can now prove the following theorem
(which does not hold for infinite dimensional spaces).

2.4-5 Theorem (Equivalent norms). On a finite dimensionai vector
space X, any norm || - || is equivalent to any other norm | - [o.

Proof. Letdim X=nand{e;," - -, e,} any basis for X. Then every
x € X has a unique representation

X=aie;t+ - +aye,.
By Lemma 2.4-1 there is a positive constant ¢ such that
Ixll= cllaa|+ - - - +leowm]).
On the other hand the triangle inequality gives

r n
o= 3, leylleflo =<k X, |as], ke = max o
1= 1=

Together, al|x|lo=|x| where a =c/k>0. The other inequality in (3) is
now obtained by an interchange of the roles of || || and | - ||o in the
preceding argument. 1
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This theorem is of considerable practical importance. For instance,
it implies that convergence or divergence of a sequence in a finite
dimensional vector space does not depend on the particular choice of a
norm on that space.

Problems

1. Give examples of subspaces of [~ and [> which are not closed.

2. What is the largest possible ¢ in (1) if X= R? and x,;=(1,0),
x,=(0,1)?If X=R*and x,=(1, 0, 0), x,=(0, 1, 0), x3=(0, 0, 1)?

3. Show that in Def. 2.4-4 the axioms of an equivalence relation hold (cf.
A1.4 in Appendix 1).

4. Show that equivalent norms on a vector space X induce the same
topology for X.

e

If |- and |- ||, are equivalent norms on X, show that the Cauchy
sequences in (X, | -|) and (X, || - |,) are the same.

6. Theorem 2.4-5 implies that |||, and |- |.. in Prob. 8, Sec. 2.2, are
equivalent. Give a direct proof of this fact.

7. Let |||, be as in Prob. 8, Sec. 2.2, and let || - | be any norm on that
vector space, call it X. Show directly (without using 2.4-5) that there is
a b>0 such that |x||=b ||x|, for all x.

8. Show that the norms || - ||; and || - ||, in Prob. 8, Sec. 2.2, satisfy
1
\—/—;”xuléu""zé"x"r
9. If two norms |- || and || - [, on a vector space X are equivalent, show
that (i) ||x, — x| — 0 implies (i) ||x, — x[o—> 0 (and vice versa, of

course).

10. Show that all complex m Xn matrices A =(a;) with fixed m and n
constitute an mn-dimensional vector space Z. Show that all norms on
Z are equivalent. What would be the analogues of || [, || - . and | - |
in Prob. 8, Sec. 2.2, for the present space Z?
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2.5 Compactness and Finite Dimension

A few other basic properties of finite dimensional normed spaces and
subspaces are related to the concept of compactness. The latter is
defined as follows.

2.5-1 Definition (Compactness). A metric space X is said to be
compact* if every sequence in X has a convergent subsequence. A
subset M of X is said to be compact if M is compact considered as a
subspace of X, that is, if every sequence in M has a convergent
subsequence whose limit is an element of M. 1

A general property of compact sets is expressed in

2.5-2 Lemma (Compactness). A compact subset M of a metric space
is closed and bounded.

Proof. For every x € M there is a sequence (x,) in M such that
x, — x; cf. 1.4-6(a). Since M is compact, x € M. Hence M is closed
because x € M was arbitrary. We prove that M is bounded. If M were
unbounded, it would contain an unbounded sequence (y,) such that
d(yn, b)>n, where b is any fixed element. This sequence could not
have a convergent subsequence since a convergent subsequence must
be bounded, by Lemma 1.4-2. &

The converse of this lemma is in general false.

Proof. To prove this important fact, we consider the sequence
(e,) in I, where e, =(8,;) has the nth term 1 and all other terms 0; cf.
(4), Sec. 2.3. This sequence is bounded since [le,||=1. Its terms
constitute a point set which is closed because it has no point of
accumulation. For the same reason, that point set is not compact. 1

However, for a finite dimensional normed space we have

2.5-3 Theorem (Compactness). In a finite dimensional normed space
X, any subset M < X is compact if and only if M is closed and bounded.

“ More precisely, sequentially compact; this is the most important kind of compact-
ness in analysis. We mention that there are two other kinds of compactness, but for
metric spaces the three concepts become identical, so that the distinction does not matter
in our work. (The interested reader will find some further remarks in A1.5. Appendix 1.)
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Proof. Compactness implies closedness and boundedness by
Lemma 2.5-2, and we prove the converse. Let M be closed and
bounded. Let dim X =n and {e,,- - -, e,} a basis for X. We consider
any sequence (x,,) in M. Each x,, has a representation

X =Eert o+ E e

Since M is bounded, 5o is (X), say, [|[x./|=k for all m. By Lemma
2.4-1,

n n
ezlnd =[5 émef=e 3 g
i= i=

where ¢>0. Hence the sequence of numbers (&™) (j fixed) is
bounded and, by the Bolzano-Weierstrass theorem, has a point of
accumulation &; here 1=j=n. As in the proof of Lemma 2.4-1 we
conclude that (x,) has a subsequence (z,) which converges to
z =1y &e;. Since Mis closed, z € M. This shows that the arbitrary sequence
(xm) in M has a subsequence which converges in M. Hence M is
compact. 1

Our discussion shows the following. In R" (or in any other finite
dimensional normed space) the compact subsets are precisely the
closed and bounded subsets, so that this property (closedness and
boundedness) can be used for defining compactness. However, this can
no longer be done in the case of an infinite dimensional normed space.

A source of other interesting results is the following lemma by
F. Riesz (1918, pp. 75-76).

2.5-4 F. Riesz’s Lemma. Let Y and Z be subspaces of a normed space
X (of any dimension), and suppose that Y is closed and is a proper
subset of Z. Then for every real number 0 in the interval (0, 1) there is a
z € Z such that

lzll=1, lz—yl=6 forallye Y.

Proof. We consider any ve Z—Y and denote its distance from
Y by aq, that is (Fig. 19),

a = inf [lo —y].
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Ve
N\

a\

7

X

Fig. 19. Notations in the proof of Riesz’s lemma

Clearly, a>0 since Y is closed. We now take any 6 € (0, 1). By the
definition of an infimum there is a yo€ Y such that

~N
a
& a=lo-yll=5
(note that a/@>a since 0<§<1). Let
( ) h c 1
z=c(v— where =
Yo llo = yoll

Then ||z||=1, and we show that ||z —y||= 6 for every ye Y. We have

lz=yll=llc(v—yo) =yl
=cllo—yo—c Myl

=cllv—yil
where

yi=Yotc 'y

The form of y; shows that y; € Y. Hence [lv— yi||=a, by the definition
of a. Writing ¢ out and using (1), we obtain

lz=yl=clo-ylzca=—=—=—0=6.
fo=vdl = a6

Since ye€ Y was arbitrary, this completes the proof. 1
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In a finite dimensional normed space the closed unit ball is
compact by Theorem 2.5-3. Conversely, Riesz’s lemma gives the
following useful and remarkable

2.5-5 Theorem (Finite dimension). If a normed space X has the
property that the closed unit ball M ={x |||x||=1} is compact, then X is
finite dimensional.

Proof. We assume that M is compact but dim X =, and show
that this leads to a contradiction. We choose any x; of norm 1. This x;
generates a one dimensional subspace X; of X, which is closed (cf.
2.4-3) and is a proper subspace of X since dim X =, By Riesz’s
lemma there is an x,€ X of norm 1 such that

1
lx2— x|z 6 =5

The elements x,, x, generate a two dimensional proper closed sub-
space X, of X. By Riesz’s lemma there is an x; of norm 1 such that for
all x e X> we have

1
| bea=xlz;
In particular, \
N |
ll3 — x4l 35 ,
1
||x3 —XZH 35 -

Proceeding by induction, we obtain a sequence (x,) of elements x, € M
such that

1
”xm_xn"gz (m#n).

Obviously, (x,) cannot have a convergent subsequence. This con-
tradicts the compactness of M. Hence our assumption dim X = is
false, and dim X <. 1

This theorem has various applications. We shall use it in Chap. 8
as a basic tool in connection with so-called compact operators.
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Compact sets are important since they are “well-behaved”: they
have several basic properties similar to those of finite sets and not
shared by noncompact sets. In connection with continuous mappings a
fundamental property is that compact sets have compact images, as
follows.

2.5-6 Theorem (Continuous mapping). Let X and Y be metric spaces
and T: X — Y a continuous mapping (cf. 1.3-3). Then the image of
a compact subset M of X under T is compact.

Proof. By the definition of compactness it suffices to show that
every sequence (y,) in the image T(M)< Y contains a subsequence
which converges in T(M). Since y, € T(M), we have y, = Tx, for some
X. € M. Since M is compact, (x,) contains a subsequence (x,, ) which
converges in M. The image of (x,,) is a subsequence of (y,) which
converges in-T(M) by 1.4-8 because T is continuous. Hence T(M) is
compact. 1

From this theorem we conclude that the following property,
well-known from calculus for continuous functions, carries over to
metric spaces.

2.5-7 Corollary (Maximum and minimum). A continuous mapping T
of a compact subset M of a metric space X into R assumes a maximum
and a minimum at some points of M.

Proof. T(M)cR is compact by Theorem 2.5-6 and closed and
bounded by Lemma 2.5-2 [applied to T(M)], so that inf T(M)e T(M),
sup T(M)e T(M), and the inverse images of these two points consist of
points of M at which Tx is minimum or maximum, respectively. 1

Problems

1. Show that R" and C" are not compact.

2. Show that a discrete metric space X (cf. 1.1-8) consisting of infinitely
many points is not compact.

3. Give examples of compact and noncompact curves in the plane R>.
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4. Show that for an infinite subset M in the space s (cf. 2.2-8) to be
compact, it is necessary that there are numbers vy, v,, - - * such that for
all x=(&(x))e M we have |&(x)|=1. (It can be shown that the
condition is also sufficient for the compactness of M.)

5. (Local compactness) A metric space X is said to be locally compact if
every point of X has a compact neighborhood. Show that R and C and,
more generally, R" and C" are locally compact.

6. Show that a compact metric space X is locally compact.

7. If dim Y < in Riesz’s lemma 2.5-4, show that one can even choose
6=1.

8. In Prob. 7, Sec. 2.4, show directly (without using 2.4-5) that there is an
a >0 such that allx|,=|x|. (Use 2.5-7.)

9. If X is a compact metric space and M < X is closed, show that M is
compact.

10. Let X and Y be metric spaces, X compact, and T: X — Y bijective
and continuous. Show that T is a homeomorphism (cf. Prob. 5, Sec.
1.6).

2.6 Linear Operators

In calculus we consid%he real line R and real-valued functions on R
(or on a subset of R). Obviously, any such function is a mapping’ of its
domain into R. In functional analysis we consider more general spaces,
such as metric spaces and normed spaces, and mappings of these
spaces.

In the case of vector spaces and, in particular, normed spaces, a
mapping is called an operator.

Of special interest are operators which “preserve’ the two alge-
braic operations of vector space, in the sense of the following definition.

2.6-1 Definition (Linear operator). A linear operator T is an
operator such that

(i) the domain %(T) of T is a vector space and the range %(T)
lies in a vector space over the same field,

®Some familiarity with the concept of a mapping and simple relatcd concepts is
assumed, but a review is included in A1.2; cf. Appendix 1.
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(ii) for all x, ye@(T) and scalars a,

T(x+y)=Tx+Ty
@
T(ax)=aTx. 1

Observe the notation; we write Tx instead of T(x); this simplifica-
tion is standard in functional analysis. Furthermore, for the remainder
of the book we shall use the following notations.

9(T) denotes the domain of T.

R(T) denotes the range of T.

N(T) denotes the null space of T.

By definition, the null space of T is the set of all x e %(T) such that
Tx = 0. (Another word for null space is “kernel.” We shall not adopt
this term since we must reserve the word ‘“kernel” for another purpose
in the theory of integral equations.)

We should also say somgthing about the use of arrows in con-
nection with operators. Let #(T) < X and #(T)< Y, where X and Y are
vector spaces, both real or both complex. Then T is an operator from
(or mapping of) @(T) onto R(T), written

T: (T)—> R(T),
or from 9(T) into Y, written
T: 9(T)—> Y.
If 9(T) is the whole space X, then—and only then—we write
T: X—>Y.
Clearly, (1) is equivalent to
) T(ax+By)=aTx+ BTy.

By taking a =0 in (1) we obtain the following formula which we
shall need many times in our further work:

A) T0=0.
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Formula (1) expresses the fact that a lincar operator T is a
homomorphism of a vector space (its domain) into another vector
space, that is, T preserves the two operations of vector space, in the
following sense. In (1) on the left we first apply a vector space
operation (addition or multiplication by scalars) and then map the
resulting vector into Y, whereas on the right we first map x and y into
Y and then perform the vector space operations in Y, the outcome
being the same. This property makes linear operators important. In
turn, vector spaces are important in functional analysis mainly because
of the linear operators defined on them.

We shall now consider some basic examples of linear operators
and invite the reader to verify the linearity of the operator in each
case.

Examples

2.6-2 Identity operator. The identity operator Ix: X — X is defined
by Ixx = x for all x € X. We also write simply I for Ix; thus, Ix = x.

2.6-3 Zero operator. The zero operator 0: X — Y is defined by
0x=0 for all xe X.

2.6-4 Differentiation. Let X be the vector space of all polynomials
on [a, b]. We may define a linear operator T on X by setting

Tx(t)=x'(t)

for every x € X, where the prime denotes differentiation with respect to
t. This operator T maps X onto itself.

2.6-5 Integration. A linear operator T from C[a, b] into itself can be
defined by

t

Tx(t) = J x(7) dr tela, b).

a

2.6-6 Multiplication by #. Another linear operator from Cl[a, b] into
itself is defined by

Tx(t) = tx(1).

T plays a role in physics (quantum theory), as we shall see in Chap. 11.
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2.6-7 Elementary vector algebra. The cross product with one factor
kept fixed defines a linear operator T;: R®*—— R>. Similarly, the dot
product with one fixed factor defines a linear operator T,: R> — R,
say,

Tox=x-a=&a1+&ar+Esas

where a =(q;)eR? is fixed.

2.6-8 Matrices. A real matrix A = (o) with r rows and n columns
defines an operator T: R" —— R’ by means of

y=Ax

where x =(§) has n components and y =(n,) has r components and
both vectors are written as column vectors because of the usual
convention of matrix multiplication; writing y = Ax out, we have

m app o2 o a|[é
2 ay ax cc an|| &
nr Qry (e 5] T QU

L& ]

T is linear because matrix multiplication is a linear operation. If A
were complex, it would define a linear operator from C" into C". A
detailed discussion of the role of matrices in connection with linear
operators follows in Sec. 2.9. 1

In these examples we can easily verify that the ranges and null
spaces of the linear operators are vector spaces. This fact is typical. Let
us prove it, thereby observing how the linearity is used in simple
proofs. The theorem itself will have various applications in our further
work.

2.6-9 Theorem (Range and null space). Let T be a linear operator.
Then:

(a) The range R(T) is a vector space.
(b) If dim 9(T)=n<w, then dim R(T)=n.

(¢) The null space N(T) is a vector space.
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Proof. (a)Wetakeanyy,, y,€ R(T)andshow thatay; + By, € R(T)
for any scalars «, 8. Since vy, y.€R(T), we have y,=Tx,,
y> = Tx, for some x;, x,€ D(T), and ax,+ Bx, € D(T) because B(T) is a
vector space. The linearity of T yields

T(ax1 + BXZ) = aTx1 + BTXz =ay, + Byz.

Hence ay; + By, e R(T). Since y,, y, € R(T) were arbitrary and so were
the scalars, this proves that R(T) is a vector space.

(b) We choose n+1 elements yq,- -+, y,.1 of R(T) in an
arbitrary fashion. Then we have y;=Txy, ", Yns1 = Tx,41 for some
X1, ", Xner in D(T). Since dim @(T)=n, this set {x1,***, Xn+1}
must be linearly dependent. Hence

X1t F o1 Xe1 =0
for some scalars a;,- -, a,41, not all zero. Since T is linear and

T0=0, application of T on both sides gives
T(aixi+ -+ +oni1Xp+) =01yt - -+ @i1Yar1 =0.

This shows that {y;, - * *, y.+1} is a linearly dependent set because the
a;’s are not all zero. Remembering that this subset of ®(T) was chosen
in an arbitrary fashion, we conclude that ®(T) has no linearly independ-
ent subsets of n+1 or more elements. By the definition this means
that dim R(T)=n.

(c¢) We take any x, x, € N(T). Then Tx; = Tx,=0. Since
T is linear, for any scalars a, 8 we have

T(ax1 + BX2) = aTx1 + BTXQ =0.
This shows that ax;+ Bx, € N(T). Hence N(T) is a vector space. |

An immediate consequence of part (b) of the proof is worth
noting:

Linear operators preserve linear dependence.

Let us turn to the inverse of a linear operator. We first remember
that a mapping T: @(T) — Y is said to be injective or one-to-one if
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different points in the domain have different images, that is, if for any

X1, X2 € N(T),

4 X1 # Xo — Tx, # Tx,;
equivalently,

(4% Tx,= Tx, - X1=X,.

In this case there exists the mapping

T R(T)— D)
(5

yO}“—) Xo

(yo=Txo)

which maps every yo€ R(T) onto that x,€ @(T) for which Tx,= y,. See

Fig. 20. The mapping T ' is called the inverse® of T.

2 (1) 1 2D

X Y

'/_ \ Vo= Txo
X

Fig. 20. Notations in connection with the inverse of a mapping; cf. (5)

From (5) we clearly have

T 'Tx=x for ali xe(T)

TT 'y=y for all yeR(T).

In connection with linear operators on vector spaces the situation
is as follows. The inverse of a linear operator exists if and only if the
null space of the operator consists of the zero vector only. More

®The reader may wish to review the terms “surjective” and “bijective” in A1.2,

Appendix 1, which also contains a remark on the use of the term “inverse.”



88 Normed Spaces. Banach Spaces
precisely, we have the following useful criterion which we shall apply
quite often.

2.6-10 Theorem (Inverse operator). Let X, Y be vector spaces, both

real or both complex. Let T: 9(T)—— Y be a linear operator with
domain @(T)< X and range R(T)< Y. Then:

(a) The inverse T ': R(T) —> (T) exists if and only if
Tx =0 — x=0.
(b) If T™' exists, it is a linear operator.
(¢) If dim(T)=n<w and T ' exists, then dim R(T) = dim %(T).

Proof. (a) Suppose that Tx=0 implies x =0. Let Tx;= Tx,.
Since T is linear,

T(x1 _X2) = Tx1 - sz = O,

so that x; —x, =0 by the hypothesis. Hence Tx; = Tx, implies x; = x»,
and T ' exists by (4¥). Conversely, if T~' exists, then (4*) holds. From
(4*) with x,=0 and (3) we obtain

Tx;=T0=0 = x;=0.
This completes the proof of (a).

(b) We assume that T~ exists and show that T~ ! is linear.
The domain of T~ ' is ®R(T) and is a vector space by Theorem 2.6-9(a).
We consider any x;, x,€ %(T) and their images

yi=Tx, and y2=Tx,.
Then

x1=T 'y, and x=T 'y,.
T is linear, so that for any scalars @ and B we have

ay, + By2 = aTx1 + BTXz = T(ax1 + BX2).
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Since x; = T 'y;, this implies

Tl(ayl + Byz) =aXy + BXZ = aT_lyl + BT_lyz

and proves that T ' is linear.

(¢) We have dimR(T)=dim %(T) by Theorem 2.6-9(b),
and dim @(T)=dim ®(T) by the same theorem applied to T~ *. 1

We finally mention a useful formula for the inverse of the compos-
ite of linear operators. (The reader may perhaps know this formula
for the case of square matrices.)

2.6-11 Lemma (Inverse of product). Let T: X — Y and S: Y—Z
be bijective linear operators, where X, Y, Z are vector spaces (see
Fig. 21). Then the inverse (ST) ': Z —> X of the product (the compos-
ite) ST exists, and

(6) (ST '=T's7.

Proof. The operator ST: X — Z is bijective, so that (ST)™"
exists. We thus have

ST(Sn_l = IZ

where I, is the identity operator on Z. Applying S~' and using
S7'S = Iy (the identity operator on Y), we obtain

STIST(ST) ' =T(ST) '=S""'I,=S"".

(sT)"

Fig. 21. Notations in Lemma 2.6-11
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Applying T ' and using T 'T = Ix, we obtain the desired result

T'T(ST) '=(ST) '=T 'S .

This completes the proof. 1

Problems

1. Show that the operators in 2.6-2, 2.6-3 and 2.6-4 are linear.

2. Show that the operators Ty, - -, T, from R* into R* defined by

3.

4.

5.

8.

9.

10.

(&1, &) (£,0)

(&, &0, &)

(&1, & (&, &)

(&, &> (v&1, v&)
respectively, are linear, and interpret these operators geometrically.
What are the domain, range and null space of T,, T, T in Prob. 2?

What is the null space of T, in Prob. 2? Of T; and T, in 2.6-7? Of T in
2.6-47 '

Let T: X—— Y be a linear operator. Show that the image of a
subspace V of X is a vector space, and so is the inverse image of a
subspace W of Y.

. If the product (the composite) of two linear operators exists, show that

it is linear.

. (Commutativity) Let X be any vector space and S: X — X and

T: X —— X any operators. S and T are said to commute if ST =TS,
that is, (ST)x = (TS)x for all x€ X. Do T, and T, in Prob. 2 commute?

Write the operators in Prob. 2 using 2 X2 matrices.

In 2.6-8, write y = Ax in terms of components, show that T is linear
and give examples.

Formulate the condition in 2.6-10(a) in terms of the null space of T.
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11. Let X be the vector space of all complex 2 X2 matrices and define
T: X — X by Tx = bx, where b € X is fixed and bx denotes the usual
product of matrices. Show that T is linear. Under what condition does
T exist?

12. Does the inverse of T in 2.6-4 exist?

13. Let T: @9(T)—— Y be a linear operator whose inverse exists. If
{xy, -+, x,} is a linearly independent set in 9(T), show that the set
{Tx,,- - -, Tx,} is linearly independent.

14. Let T: X—— Y be a linear operator and dim X =dim Y=n <oo,
Show that ®R(T) =Y if and only if T * exists.

15. Consider the vector space X of all real-valued functions which are
defined on R and have derivatives of all orders everywhere on R.
Define T: X — X by y(t) = Tx(t) = x'(t). Show that R(T) is all of X
but T does not exist. Compare with Prob. 14 and comment.

2.7 Bounded and Continuous Linear Operators

The reader may have noticed that in the whole last section we did not
make any use of norms. We shall now again take norms into account,
in the following basic definition.

2.7-1 Definition (Bounded linear operator). Let X and Y be normed
spaces and T: 9(T)— Y a linear operator, where @(T)< X. The
operator T is said to be bounded if there is a real number ¢ such that
for all x e 9(T),

@ ITx]|= cllx]l. !

In (1) the norm on the left is that on Y, and the norm on the right
is that on X. For simplicity we have denoted both norms by the same
symbol | -||, without danger of confusion. Distinction by subscripts
(Ixllo, I Tx|l;, etc.) seems unnecessary here. Formula (1) shows that a
bounded linear operator maps bounded sets in %(T) onto bounded sets
in Y. This motivates the term ‘‘bounded operator.”

Warning. Note that our present use of the word “bounded” is
different from that in calculus. where a bounded function is one whose
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range is a bounded set. Unfortunately, both tcrms are standard. But
there is little danger of confusion.

What is the smallest possible ¢ such that (1) still holds for all
nonzero x € @(T)? [We can leave out x =0 since Tx =0 for x=0 by
(3), Sec. 2.6.] By division,

L

= #0
] 20

and this shows that ¢ must be at least as big as the supremum of the
expression on the left taken over @(T)—{0}. Hence the answer to our
question is that the smallest possible ¢ in (1) is that supremum. This
quantity is denoted by | T]; thus

T
?) ITl|= sup S—.
xeacn) |||
x#0

[IT]l is called the norm of the operator T. If @(T)={0}, we define
IT||=0; in this (relatively uninteresting) case, T=0 since T0=0
by (3), Sec. 2.6.

Note that (1) with ¢ =||T| is

(€) 1] = 1T ]l
This formula will be applied quite frequently.

Of course, we should justify the use of the term ‘“‘norm” in the
present context. This will be done in the following lemma.

2.7-2 Lemma (Norm). Let T be a bounded linear operator as defined
in 2.7-1. Then:

(a) An alternative formula for the norm of T is

@ ITl= sup [ Tx]|.
xea(T)

[lxll=1

(b) The norm defined by (2) satisfies (N1) to (N4) in Sec. 2.2.
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Proof. (a) We write ||x||=a and set y =(1/a)x, where x# 0. Then
lvll=llxll/a=1, and since T is linear, (2) gives

1
IT|= sup ——||Tx||— sup T(—— x) = sup [Tyl
xew(T) A xe(T) a ye@(T)
x#0 . x#0 llyll=1

Writing x for y on the right, we have (4).

(b) (N1) is obvious, and so is |[[0|=0. From |T|=0 we
have Tx =0 for all x € (T), so that T=0. Hence (N2) holds. Further-
more, (N3) is obtained from

sup [laT¢|= sup [a | Txl=a] sup [Tz

lIxll=1

where x € %(T). Finally, (N4) follows from

sup [[(Ty + T2)x|| = sup | Tix + Tox|| = sup || Tux||+ sup || Tox|;
lli=1 lll=1 lell=1 =1
here, xe(T). 1

Before we consider general properties of bounded linear
operators, let us take a look at some typical examples, so that we get a
better feeling for the concept of a bounded linear operator.

Examples

2.7-3 Identity operator. The identity operator I: X—— X on a
normed space X#{0} is bounded and has norm ||I||=1. Cf. 2.6-2.

2.7-4 Zero operator. The zero operator 0: X — Y on a normed
space X is bounded and has norm [|0]|=0. Cf. 2.6-3.

2.7-5 Differentiation operator. Let X be the normed space of all
polynomials on J=[0,1] with norm given |x||=max|x(¢)|, teJ A
differentiation operator T is defined on X by

Tx(t)=x'(t)
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where the prime denotes differentiation with respect to ¢ This operator
is linear but not bounded. Indeed, lct x,(t)=1(", where neN. Then
Ix./l=1 and

Tx(t) = x,'(t) = nt" ™"

so that || Tx,||=n and || Tx,||/|lx.|| = n. Since n €N is arbitrary, this shows
that there is no fixed number ¢ such that || Tx,||/||x.]|= c. From this and
(1) we conclude that T is not bounded.

Since differentiation is an important operation, our result seems to
indicate that unbounded operators are also of practical importance.
This is indeed the case, as we shall see in Chaps. 10 and 11, after a
detailed study of the theory and application of bounded operators,
which are simpler than unbounded ones.

2.7-6 Integral operator. We can define an integral operator
T: C[0,1]—C[0, 1] by

y=Tx where y(t)= j k(t, 7)x(7) dr.

(0]

Here k is a given function, which is called the kernel of T and is
assumed to be continuous on the closed square G=JXJ in the
tr-plane, where J=[0, 1]. This operator is linear.

T is bounded.

To prove this, we first note that the continuity of k on the closed
square implies that k is bounded, say, |k(t, 7)|=k, for all (t, 7)e G,
where kg is a real number. Furthermore,

|x(6)] = max [x(t)] = x|
teJ

Hence

r k(t, )x(7) dr

Iyl =Tl = max
0

éntlea]x I lk(t, 7)| |x(7)| dr

=ko ||x||
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The result is || Tx|| = ko || x||. This is (1) with ¢ = ko. Hence T is bounded.

2.7-7 Matrix. A real matrix A =(ay) with r rows and n columns
defines an operator T: R" —— R" by means of

(5) y=Ax

where x = (&) and y =(m;) are column vectors with n and r compo-
nents, respectively, and we used matrix multiplication, as in 2.6-8. In
terms of components, (5) becomes

n

(5" n = Z iy (f= L---,n).

k=1

T is linear because matrix multiplication is a linear operation.

T is bounded.

To prove this, we first remember from 2.2-2 that the norm on R"
is given by

n 1/2
l=( % &)

m=1

similarly for y eR". From (5) and the Cauchy-Schwarz inequality (11)
in Sec. 1.2 we thus obtain

7P = 3 = 5 [ 5 anss]

Noting that the double sum in the last line does not depend on x, we
can write our result in the form

r n
1 Tx|P = x| where ’= Zl kzl ap’
iSE

This gives (1) and completes the proof that T is bounded. 1§
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The role of matrices in connection with linear operators will be
studied in a separate section (Sec. 2.9). Boundedness is typical; it is an
essential simplification which we always have in the finite dimensional
case, as follows.

2.7-8 Theorem (Finite dimension). If a normed space X is finite
dimensional, then every linear operator on X is bounded.

Proof. Letdim X=n and {ey, - - -, e,} a basis for X. We take any
x =Y. &e; and consider any linear operator T on X. Since T is linear,

i1 =X e = S el el = maxi T E 6

(summations from 1 to n). To the last sum we apply Lemma 2.4-1 with
o; = § and x; = e¢. Then we obtain

1
X If;lé;"Z&e;

1
==l
Together,

1
I1Tx]|= v [l where y == max||Te,].

From this and (1) we see that T is bounded. [

We shall now consider important general properties of bounded
linear operators.

Operators are mappings, so that the definition of continuity (cf.
1.3-3) applies to them. It is a fundamental fact that for a linear
operator, continuity and boundedness become equivalent concepts.
The details are as follows.

Let T: 9(T)—— Y be any operator, not necessarily linear, where
@(T)cX and X and Y are normed spaces. By Def. 1.3-3, the
operator T is continuous at an xo€ D(T) if for every € >0 there is a
8 >0 such that

[ Tx — Txol| < e for all x € %(T) satisfying lx — xof < 6.

T is continuous if T is continuous at every x € @(T).
Now, if T is linear, we have the remarkable
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2.7-9 Theorem (Continuity and boundedness). Let T: 9(T)—> Y
be a linear’ operator, where %(T)< X and X, Y are normed spaces.
Then:

(a) T is continuous if and only if T is bounded.

(b) If T is continuous at a single point, it is continuous.

Proof. (a) For T=0 the statement is trivial. Let T#0. Then
[ T||#0. We assume T to be bounded and consider any xo<€%(T). Let
any £ >0 be given. Then, since T is linear, for every x € @(T) such that

>
[lx = xol| < & where =—
IT|

we obtain
Tx = Txol =[|T(x — x| = Tl[lx — xol <[ T8 = &.

Since xo€ @(T) was arbitrary, this shows that T is continuous.

Conversely, assume that T is continuous at an arbitrary x,€ @(T).
Then, given any & >0, there is a 6 >0 such that

(6) |Tx—Txo|=¢ for all x € @(T) satisfying lx — xol| = 6.

We now take any y# 0 in @(T) and set
8 8
X=Xxo+t—y. Then X—Xog=——=Y.
Iyl Iyl

Hence [|x —xo|| = 8, so that we may use (6). Since T is linear, we have

o o
175 Tl =17l = {2y )| =2
° i SR T

7 Warning. Unfortunately, continuous linear operators are called “linear
operators” by some authors. We shall not adopt this terminology; in fact, there are linear
operators of practical importance which are not continuous. A first example is given in
2.7-5 and further operators of that type will be considered in Chaps. 10 and 11.
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and (6) implies

8

£
Ty|=e. T =<1yl
i ITyl=e hus ITyli=7 Iyl

This can be written | Ty||= c||y|l, where c=¢/8, and shows that T is
bounded.

(b) Continuity of T at a point implies boundedness of T
by the second part of the proof of (a), which in turn implies continuity
of Tby (a). 1

2.7-10 Corollary (Continuity, null space). Let T be a bounded linear
operator. Then:

(@) x, —> x [where x,,, x € (T)] implies Tx,, —> Tx.

(b) The null space N(T) is closed.

Proof. (a) follows from Theorems 2.7-9(a) and 1.4-8 or directly
from (3) because, as n —> o,

1T, — Txl| = [ TCen = I = Tl = x| — 0.

(b) For every x e N(T) there is a sequence (x,) in N(T)
such that x, — x; cf. 1.4-6(a). Hence Tx, —> Tx by part (a) of this
Corollary. Also Tx =0 since Tx, =0, so that x e N(T). Since x € N(T)
was arbitrary, N'(T) is closed. 1

It is worth noting that the range of a bounded linear operator may
not be closed. Cf. Prob. 6.

The reader may give the simple proof of another useful formula,
namely,

) IT: Tl =Tl T, I =" (neN)
valid for bounded linear operators T,: X— Y, T;: Y— Z and
T: X— X, where X, Y, Z are normed spaces.

Operators are mappings, and some concepts related to mappings®

have been discussed, notably the domain, range and null space of an

8 A review of some of these concepts is given in A1.2; cf. Appendix 1.
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operator. Two further concepts (restriction and extension) will now be
added. We could have done this earlier, but we prefer to do it here,
where we can immediately give an interesting application (Theorem
2.7-11, below). Let us begin by defining equality of operators as
follows.

Two operators T; and T, are defined to be equal, written
T, = Tz,

if they have the same domain @(T;)=%(T>) and if Tix = T,x for all
xe %(Tl) = QD(T2)~

The restriction of an operator T: Z(T)——Y to a subset
B < %(T) is denoted by

Tls

and is the operator defined by
Tlg: B— Y, T|gx = Tx for all x€ B.
An extension of T to a set M >%(T) is an operator
T-M—Y such that Ton=T,

that is, Tx = Tx for all x e %(T). [Hence T is the restriction of T to
a(T).]

“If @9(T) is a proper subset of M, then a given T has many
extensions. Of practical interest are usually those extensions which
preserve some basic property, for instance linearity (if T happens to be
linear) or boundedness (if @(T) lies in a normed space and T is
bounded). The following important theorem is typical in that respect.
It concerns an extension of a bounded linear operator T to the closure
@(T) of the domain such that the extended operator is again bounded
and linear, and even has the same norm. This includes the case of an
extension from a dense set in a normed space X to all of X. It also
includes the case of an extension from a normed space X to its
completion (cf. 2.3-2).
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2.7-11 Theorem (Bounded linear extension). Let
T: %(T)—> Y

be a bounded linear operator, where %(T) lies in a normed space X and
Y is a Banach space. Then T has an extension

T:9(T)— Y
where T is a bounded linear operator of norm
Il = Tl

Proof. We consider any x € @(T). By Theorem 1.4-6(a) there is a
sequence (x,) in %(T) such that x, —> x. Since T is linear and
bounded, we have

1Tx = Tl =1 Tt = ) | TN 12 = o]l

This shows that (Tx,) is Cauchy because (x,) converges. By assump-
tion, Y is complete, so that (Tx,) converges, say,

Tx,—> yeY.
We define T by
Tx=y.

We show that this definition is independent of the particular choice of
a sequence in @(T) converging to x. Suppose that x, —> x and
z, —> x. Then v,, — x, where (v,,) is the sequence

(xla 21, X2, 22, " ° ')‘

Hence (Tv,,) converges by 2.7-10(a), and the two subsequences (Tx,)
and (Tz,) of (Tv,) must have the same limit. This proves that T is
uniquely defined at every x € 9(T).

Clearly, T is linear and Tx = Tx for every x € @(T), so that T is an
extension of T. We now use

I = 1T 1
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and let n—> . Then Tx, —> y=Tx. Since x+—>|x| defines a
continuous mapping (cf. Sec. 2.2), we thus obtain

I T =T}l

Hence T is bounded and ||T||=||T]|. Of course, ||T||=|T|| because the
norm, being defined by a supremum, cannot decrease in an extension.
Together we have |[T||=||T|. §

1

4.

Problems

Prove (7).

. Let X and Y be normed spaces. Show that a linear operator

T: X—Y is bounded if and only if T°maps bounded sets in X into
bounded sets in Y.

. If T#0 is a bounded linear operator, show that for any x € @(T) such

that || x|| < 1 we have the strict inequality || Tx||<|T]|.

Give a direct proof of 2.7-9(b), without using 2.7-9(a).

. Show that the operator T: I”—— [” defined by y = (n;) = Tx, n; = &/j,

x =(§), is linear and bounded.

. (Range) Show that the range R(T) of a bounded linear operator

T: X —— Y need not be closed in Y. Hint. Use T in Prob. 5.

. (Inverse operator) Let T be a bounded linear operator from a normed

space X onto a normed space Y. If there is a positive b such that

1 Tx[| = bl x| for all xe X,

show that then T ': Y — X exists and is bounded.

. Show that the inverse T~': ®(T)—> X of a bounded linear operator

T: X —> Y need not be bounded. Hint. Use T in Prob. 5.

Let T: C[0, 1]-—>C[0, 1] be defined by

y(t)= J x(7) dr.

Find R(T) and T™': R(T)—> C[0,1]. Is T"" linear and bounded?
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10. On ([0, 1] define S and T by

1

y(s) =sj x(2) dt, y(s) = sx(s),

0

respectively. Do S and T commute? Find ||S], |T|, |IST|| and | TS|

11. Let X be the normed space of all bounded real-valued functions on R

o— 1
x(t)
o—

with norm defined by
[lx|l= sup [x(1)],
teR

and let T: X —— X be defined by
y(t)=Tx(t) = x(t—A)

where A>0 is a constant. (This is a model of a delay line, which is an
electric device whose output y is a delayed version of the input x, the
time delay being A; see Fig. 22.) Is T linear? Bounded?

IDIgIay N y(t) = x(t —4) \/ \/
ine — / y

t———

Fig. 22. Electric delay line

12. (Matrices) From 2.7-7 we know that an r X n matrix A = (a;,) defines

a linear operator from the vector space X of all ordered n-tuples of
numbers into the vector space Y of all ordered r-tuples of numbers.
Suppose that any norm ||-||; is given on X and any norm |-||, is given on
Y. Remember from Prob. 10, Sec. 2.4, that there are various norms on
the space Z of all those matrices (r and n fixed). A norm ||-|| on Z is
said to be compatible with ||-||; and |||, if

lAxl=[lAlllxll,.
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Show that the norm defined by

[l Ax]|
Al =sup=—=
xex [x[ly
x#0
is compatible with |||, and ||-||,. This norm is often called the natural
norm defined by -], and |-[,. If we choose [x|;=max]|¢|
1

and |y|l, = max |7,|, show that the natural norm is
7
A =max ¥, lol.
I ok=1

13. Show that in 2.7-7 with r = n, a compatible norm is defined by

n 1/2
2
Z Qg >
k=1

™M=

lal=(

1

but for n > 1 this is not the natural norm defined by the Euclidean norm
on R".

14. If in Prob. 12 we choose
flxll, = Z &, lIyll. = Z l"iil,
k=1 j=1
show that a compatible norm is defined by
JAll=max Y la.
j=1

15. Show that for r=n, the norm in Prob. 14 is the natural norm corre-
sponding to |-, and [|-||, as defined in that problem.

2.8 Linear Functionals

A functional is an operator whose range lies on the real line R or in
the complex plane C. And functional analysis was initially the analysis
of functionals. The latter appear so frequently that special notations
are used. We denote functionals by lowercase letters f, g, h, - - -, the
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domain of f by @(f), the range by R(f) and the value of f at an x € 2(f)
by f(x), with parentheses.

Functionals are operators, so that previous definitions apply. We
shall need in particular the following two definitions because most of
the functionals to be considered will be linear and bounded.

2.8-1 Definition (Linear functional). A linear functional f is a linear
operator with domain in a vector space X and range in the scalar field
K of X; thus,

f: a(f)— K,
where K =R if X is real and K=C if X is complex. 1
2.8-2 Definition (Bounded linear functional). A bounded linear
functional f is a bounded linear operator (cf. Def. 2.7-1) with range in
the scalar field of the normed space X in which the domain @(f) lies.
Thus there exists a real number ¢ such that for all x € @(f),

1 Ifol=c x].

Furthermore, the norm of f is [cf. (2) in Sec. 2.7]

(2a) Ifl= sup "lt!(x”)'
x#O)

or

(2b) Ifll= sup [f(x)]. i
ey

Formula (3) in Sec. 2.7 now implies

3 [FCI=FIHx],

and a special case of Theorem 2.7-9 is

2.8-3 Theorem (Continuity and boundedness). A linear functional f
with domain %(f) in a normed space is contmuous if and only if f is
bounded.
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Examples

2.8-4 Norm. The norm ||-||: X —— R on a normed space (X, ||-|)) is a
functional on X which is not linear.

2.8-5 Dot product. The familiar dot product with one factor kept
fixed defines a functional f: R*>—— R by means of

fx)=x+a=&a1+&or+ Gas,

where a = (o)) eR” is fixed.
f is linear. f is bounded. In fact,

[fl = x - a|=|x]ll|all,

so that [f||=||a| follows from (2b) if we take the supremum over all x
of norm one. On the other hand, by taking x =a and using (3) we
obtain

_If@)| _llal? _

Hence the norm of f is'||f]|=|a].

2.8-6 Definite integral. The definite integral is a number if we con-
sider it for a single function, as we do in calculus most of the time.
However, the situation changes completely if we consider that integral
for all functions in a certain function space. Then the integral becomes
a functional on that space, call it f. As a space let us choose Cla, b]; cf.
2.2-5. Then f is defined by

b

fr) = j x(1) dt veCla b].

f is linear. We prove that f is bounded and has norm ||f||=b—a.
In fact, writing J=[a, b] and remembering the norm on Cla, b],
we obtain

101 =[ x| 26 - @ max (0= 6 - @ 11
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Taking the supremum over all x of norm 1, we obtain |[f|=b—a. To
get |[f|=b—a, we choose the particular x = xo=1, note that |xo =1
and use (3):

lf (xo)l —

”xo“

Ifll= If(xo)|=J dt=b—a.

2.8-7 Space Cla,b]. Another practically important functional on
Cla, b] is obtained if we choose a fixed toe J=[a, b] and set

fa1(x) = x(to) x € C[a, b].
f1 is linear. f; is bounded and has norm ||fi||=1. In fact, we have
10| = |x (o) = ||x],

and this implies ||fi|=1 by (2). On the other hand, for x,=1 we have
|lxoll=1 and obtain from (3)

Ifull=|fi(xo) = 1.

2.8-8 Space I>. We can obtain a linear functional f on the Hilbert
space 17 (cf. 1.2-3) by choosing a fixed a = (o) € I? and setting

fo)= 2, &o

where x = (&) e I”. This series converges absolutely and f is bounded,
since the Cauchy-Schwarz inequality (11) in Sec. 1.2 gives (summation
over j from 1 to x)

=S lal= L 6P\ TP < lellal. @

It is of basic importance that the set of all linear functionals
defined on a vector space X can itself be made into a vector space.
This space is denoted by X* and is called the algebraic® dual space of
X. Its algebraic operations of vector space are defined in a natural way

fc01= | X g

° Note that this definition does not involve a norm. Tihe so-called dual space X'
consisting of all bounded linear functionals on X will be considered in Sec. 2.10.



2.8 Linear Functionals - 107

as follows. The sum f; + f, of two functionals f; and f, is the functional
s whose value at every x € X is

s(x) = (fi+£2)(x) = fu(x) + f2(x);

the product af of a scalar @ and a functional f is the functional p
whose value at x € X is

p(x) = (af)(x) = af(x).

Note that this agrees with the usual way of adding functions and
multiplying them by constants.

We may go a step further and consider the algebraic dual (X*)* of
X*, whose elements are the linear functionals defined on X*. We
denote (X*)* by X** and call it the second algebraic dual space of X.

Why do we consider X**? The point is that we can obtain an
interesting and important relation between X and X**, as follows. We
choose the notations:

@

Space | General element | Value at a point

X X _
X* f f(x)

We can obtain a g€ X**, which is a linear functional defined on X*,
by choosing a fixed x € X and setting

4) glH=gH)=f(x) (x € X fixed, f€ X* variable).

The subscript x is a little reminder that we got g by the use of a certain
x € X. The reader should observe carefully that here f is the variable
whereas x is fixed. Keeping this in mind, he should not have difficulties
in understanding our present consideration.

g. as defined by (4) is linear. This can be seen from

gdafy+ Bf2) = (afi + Bf2)(x) = afi(x) + Bfo(x) = ag.(fi) + Bg:(f2).

Hence g, is an element of X™**, by the definition of X**.
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To each x € X there corresponds a g, € X™**. This defines a map-
ping
C: X— X**

X g.

C is called the canonical mapping of X into X**.
C is linear since its domain is a vector space and we have

(Clox + BY)(f) = ax-+ay ()
= flax+ By)
= af(x)+ Bf(y)
= ag(f)+ Bgy(f)
= a(Cx)(f)+B(Cy)(f).

C is also called the canonical embedding of X into X**. To
understand and motivate this term, we first explain the concept of
“isomorphism,” which is of general interest.

In our work we are concerned with various spaces. Common to
all of them is that they consist of a set, call it X, and a “‘structure”
defined on X. For a metric space, this is the metric. For a vector space,
the two algebraic operations form the structure. And for a normed
space the structure consists of those two algebraic operations and the
norm.

Given two spaces X and X of the same kind (for instance, two
vector spaces), it is of interest to know whether X and X are “essen-
tially identical,” that is, whether they differ at most by the nature of
their points. Then we can regard X and X as identical—as two copies
of the same ‘“abstract” space—whenever the structure is the primary
object of study, whereas the nature of the points does not matter. This
situation occurs quite often. It suggests the concept of an isomorphism.
By definition, this is a bijective mapping of X onto X which preserves
the structure.

Accordingly, an isomorphism T of a metric space X = (X, d) onto a
metric space X = (X, d) is a bijective mapping which preserves dis-
tance, that is, for all x, ye X,

d(Tx, Ty)=d(x, y).
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X is then called isomorphic with X. This is nothing new to us but
merely another name for a bijective isometry as introduced in Def.
1.6-1. New is the following.

An isomorphism T of a vector space X onto a vector space X over
the same field is a bijective mapping which preserves the two algebraic
operations of vector space; thus, for all x, y€ X and scalars «,

T(x+y)=Tx+ Ty, T(ax) = aTx,

that is, T: X —> X is a bijective linear operator. X is then called
isomorphic with X, and X and X are called isomorphic vector spaces.

Isomorphisms for normed spaces are vector space isomorphisms
which also preserve norms. Details follow in Sec. 2.10 where we need
such isomorphisms. At present we can apply vector space isomor-
phisms as follows.

It can be shown that the canonical mapping C is injective. Since C
is linear (see before), it is an isomorphism of X onto the range
R(C) < X**,

If X is isomorphic with a subspace of a vector space Y, we say that
X is embeddable in Y. Hence X is embeddable in X**, and C is also
called the canonical embedding of X into X™*,

If C is surjective (hence bijective), so that R(C) = X**, then X is
said to be algebraically reflexive. We shall prove in the next section
that if X is finite dimensional, then X is algebraically reflexive.

A similar discussion involving norms and leading to the concept of
reflexivity of a normed space will be presented later (in Sec. 4,6), after
the development of suitable tools (in particular, the famops Hahn-
Banach theorem). '

Problems

1. Show that the functionals in 2.8-7 and 2.8-8 are linear.

2. Show that the functionals defined on C[a, b] by

fix) = j *(Dyolt) dt (yoe Cla, b))

f2(x) = ax(a) + Bx(b) (e, B fixed)

are linear and bounded.
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3. Find the norm of the linear functional f defined on C[—1, 1] by

0 1

x(t) dt—J x(t) dt.

[

o= |

-1
4. Show that

fi(x)= max x(t)
J=[a, b]

fo(x) =min x(t)

define functionals on Cla, b]. Are they linear? Bounded?

5

Show that on any sequence space X we can define a linear functional f
by setting f(x) =&, (n fixed), where x =(§). Is f bounded if X = I"?

6. (Space C'[a, b]) The space C'[a, b] or C'[a, b]is the normed space of all
continuously differentiable functions on J =[a, b] with norm defined by

[lx]| = max [x(£)|+ max |x'(£)].
teJ teJ

Show that the axioms of a norm are satisfied. Show that f(x)=x'(c),
c=(a+Db)/2, defines a bounded linear functional on C'[a, b]. Show
that f is not bounded, considered as a functional on the subspace of
Cla, b] which consists of all continuously differentiable functions.

7. If f is a bounded linear functional on a complex normed space, is f
bounded? Linear? (The bar denotes the complex conjugate.)

8. (Null space) The. null space N(M*) of a set M* = X* is defined to be
the set of all x € X such that f(x) =0 for all fe M*. Show that N(M¥) is
a vector space.

9. Let f# 0 be any linear functional on a vector space X and x, any fixed
element of X—N(f), where N(f) is the null space of f. Show that any
x € X has a unique representation x = ax,+ y, where y € N(f).

10. Show that in Prob. 9, two elements x,, x,€ X belong to the same
element of the quotient space X/N(f) if and only if f(x;) = f(x,); show
that codim N(f) = 1. (Cf. Sec. 2.1, Prob. 14.)

11. Show that two linear functionals f, # 0 and f, # 0 which are defined on
the same vector space and have the same null space arc proportional.
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12. (Hyperplane) If Y is a subspace of a vector space X and codim Y =1
(cf. Sec. 2.1, Prob. 14), then every element of X/Y is called a
hyperplane parallel to Y. Show that for any linear functional f# 0 on X,
the set H,={xe X |f(x)=1} is a hyperplane parallel to the null space
N(f) of f.

13. If Y is a subspace of a vector space X and f is a linear functional on X
such that f(Y) is not the whole scalar field of X, show that f(y)=0 for
allye Y.

14. Show that the norm |f|| of a bounded linear functional f#0 on a
normed space X ean be interpreted geometrically as the recip-
rocal of the distance d=inf{|x||f(x)=1} of the hyperplane
H,={xe X |f(x)=1} from the orgin.

15. (Half space) Let f#0 be a bounded linear functional on a real
normed space X. Then for any scalar ¢ we have a hyperplane
H,={xeX|f(x)=c}, and H, determines the two half spaces

X.a={x|fx)=c} and X,={x|f(x)=c}.

Show that the closed unit ball lies in X.; where ¢ =||f||, but for no € >0,
the half space X, with ¢ =||f||— & contains that ball.

2.9 Linear Operators and Functionals on Finite
Dimensional Spaces

Finite dimensional vector spaces are simpler than infinite dimensional
ones, and it is natural to ask what simplification this entails with
respect to linear operators and functionals defined on such a space’
This is the question to be considered, and the answer will clarify the
role of (finite) matrices in connection with linear operators as well as
the structure .of the algebraic dual X™ (Sec. 2.8) of a finite dimensional
vector space X.

Linear operators on finite dimensional vector spaces can be rep-
resented in terms of matrices, as explained below. In this way, matrices
become the most important tools for studying linear operators in the
finite dimensional case. In this connection we should also remember
Theorem 2.7-8 to understand the full significance of our present
consideration. The details are as follows.
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Let X and Y be finite dimensional vector spaces over the same
field and T: X—Y a linear operator. We choose a basis
E={ey, - ,e,}for Xandabasis B={b,, - - -, b} for Y, with the vectors
arranged in a definite order which we keep fixed. Then every x € X has
a unique representation

(1) x=&ert - +&en

Since T is linear, x has the image

(2) y= Tx = ’I‘(kg1 §k6k> = kgl ngek.

Since the representation (1) is unique, we have our first result:

T is uniquely determined if the images y, = Te;. of the n basis vectors
e1, " *, ey are prescribed.

Since y and y, = Te, are in Y, they have unique representations of
the form

(@) y=3 nb
() =
(b) Tek = i ’Tjkbj.

Substitution into (2) gives
y=Y mb=Y &Tec= Y & ), b= ), (Z Tikfk)bi-
i=1 k=1 k=1 ji=1 i=1 k=1

Since the b;’s form a linearly independent set, the coefficients of each b;
on the left and on the right must be the same, that is,

(4) ni=z’7'jk§k j=1,“'ar'
k=1
This yields our next result:

The image y=Tx= Y. nib; of x= 2, &ex can be obtained from (4).
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Note the unusual position of the summation index j of 7 in (3b),
which is necessary in order to arrive at the usual position of the
summation index in (4).

The coefficients in (4) form a matrix

Tep = (7jx)

with r rows and n columns. If a basis E for X and a basis B for Y are
given, with the elements of E and B arranged in some definite order
(which is arbitrary but fixed), then the matrix Tgp is uniquely deter-
mined by the linear operator T. We say that the matrix Tgp represents
the operator T with respect to those bases.

By introducing the column vectors X =(4) and §=(m;) we can
write (4) in matrix notation:

(4,) )7 = TEBf.
Similarly, (3b) can also be written in matrix notation

(3b’) Te = TEBTb

where Te is the column vector with components Te, - - -, Te, (which
are themselves vectors) and b is the column vector with components
b1, - -+, b, and we have to use the transpose Tggs' of Tgs because in
(3b) we sum over j, which is the first subscript, whereas in (4) we. sum
over k, which is the second subscript.

Our consideration shows that a linear operator T determines a
unige matrix representing T with respect to a given basis for X and a
given basis for Y, where the vectors of each of the bases are assumed
to be arranged in a fixed order. Conversely, any matrix with r rows and
n columns determines a linear operator which it represents with
respect to given bases for X and Y. (Cf. also 2.6-8 and 2.7-7.)

Let us now turn to linear functionals on X, where dim X =n and
{ei, - -, e} is a basis for X, as before. These functionals constitute the
algebraic dual space X™* of X, as we know from the previous section
For every such functional f and every x =) &e; € X we have

s fo=A( % &e)= 5 efe)= 5 6a



114 Normed Spaces. Banach Spaces

where
(Sb) a]=f(ej) j=1,'.‘7n7

and f is uniquely determined by its values ¢; at the n basis vectors of
X.

Conversely, every n-tuple of scalars a;,* -, @, determines a
linear functional on X by (5). In particular, let us take the n-tuples

(1, ()’ 0, e 0, 0)
((), 1, 0, e 0, 0)
(0, 0, 0, s 0, 1).

By (5) this gives n functionals, which we denote by fi, - -, f,, with
values

0 if j#k,
© fi(g) =8 = .
1 if j=k;

that is, fi has the value 1 at the kth basis vector and 0 at the n—1
other basis vectors. 8 is called the Kronecker delta. {fi, - -, f.} is
called the dual basis of the basis {ej, - - -, e,} for X. This is justified by
the following theorem.

2.9-1 Theorem (Dimension of X*). Let X be an n-dimensional vector
space and E={e, - - -, e,} a basis for X. Then F={f, - - -, f.} given by
(6) is a basis for the algebraic dual X* of X, and dim X*=dim X =n.

Proof. F is a linearly independent set since

n

(7) Y Bufe(x)=0 (xeX)

k=1

with x = ¢; gives

Z Bifi(e;) = Z Bidi = B,=0,
k=1 K=1
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so that all the B;’s in (7) are zero. We show that every fe X* can be
represented as a linear combination of the elements of F in a unique
way. We write f(¢;) = ¢; as in (5b). By (5a),

fo)= 2 ey

for every x € X. On the other hand, by (6) we obtain

fix)=filbrert: - - +&en) =&

Together,

n

fx)= Zl afi(x).

Hence the unique representation of the arbitrary linear functional f on
X in terms of the functionals f;,- - -, f, is

f=a1f1+”~+anf,,. l
To prepare for an interesting application of this theorem, we first
prove the following lemma. (A similar lemma for arbitrary normed

spaces will be given later, in 4.3-4.)

2.9-2 Lemma-(Zero vector). Let X be a finite dimensional vector space.
If xo€ X has the property that f(xo) =0 for all fe X*, then x,=0.

Proof. Let{e;, -, e,} be a basis for X and xo=} &oe;. Then (5)
becomes

f(xo) = ; &oje;.

By assumption this is zero for every fe X*, that is, for every choice of
g, * -, a,. Hence all &,; must be zero. 1

Using this lemma, we can now obtain

2.9-3 Theorem (Algebraic reflexivity). A finite dimensional vector
space is algebraically reflexive.



116 Normed Spaces. Banach Spaces

Proof. The canonital mapping C: X —> X** considered in the
previous section is linear. Cxo=0 means that for all fe X* we
have

(Cx0)(f) = 8x,(f) = f(x0) =0,

by the definition of C. This implies xo=0 by Lemma 2.9-2. Hence
from Theorem 2.6-10 it follows that the mapping C has an inverse
C™: R(C)—X, where R(C) is the range of C. We also have
dim & (C) =dim X by the same theorem. Now by Theorem 2.9-1,

dim X** =dim X* =dim X.

Together, dim R (C) = dim X**. Hence R(C) = X** because R(C) is a
vector space (cf. 2.6-9) and a proper subspace of X** has dimension
less than dim X**, by Theorem 2.1-8. By the definition, this proves
algebraic reflexivity. 1

Problems

1. Determine the null space of the operator T: R> — R” represented
by

2. Let T: R>——R? be defined by (&), &, &)—>(&,, &, —& —&,). Find
R(T), N(T) and a matrix which represents T.

3. Find the dual basis of the basis {(1, 0, 0), (0, 1, 0), (0, 0, 1)} for R®.

4. Let {f,, f2, f5} be the dual basis of {e,, e,, e;} for R?, where ;= (1,1, 1),
€= (17 15 —1)5 e3 = (17 —1’ _1)' Find fl(x)7 f2(x)a fS(x)a Where
x=(1,0,0).

5. If f is a linear functional on an n-dimensional vector space X, what
dimension can the null space N(f) have?

6. Find a basis for the null space of the functional f defined on R* by
f(x) =& + & — &, where x = (&, &, &).

7. Same task as in Prob. 6, if f(x) =& +a,& + asé&,, where a, # 0.
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8. If Z is an (n—1)-dimensional subspace of an n-dimensional vector
space X, show that Z is the null space of a suitable linear functional f
on X, which is uniquely determined to within a scalar multiple.

9. Let X be the vector space of all real polynomials of a real variable and
of degree less than a given n, together with the polynomial x =0
(whose degree is left undefined in the usual discussion of degree). Let
f(x)=x%(a), the value of the kth derivative (k fixed) of xe X at a
fixed a € R. Show that f is a linear functional on X.

10. Let Z be a proper subspace of an n-dimensional vector space X, and
let x,€ X —Z. Show that there is a linear functional f on X such that
f(xo)=1 and f(x) =0 for all xe Z.

11. If x and y are different vectors in a finite dimensional vector space X,
show that there is a linear functional f on X such that f(x) # f(y).

12. If f,,- - -, f, are linear functionals on an n-dimensional vector space
X, where p<n, show that there is a vector x#0 in X such that
f1(x)=0,- - -, f,(x)=0. What consequences does this result have with

respect to linear equations?

13. (Linear extension) Let Z be a proper subspace of an n-dimensional
vector space X, and let f be a linear functional on Z.-Show that f can
be extended linearly to X, that is, there is a linear functional f on X
such that fl, =f.

14. Let the functional f on R?> be defined by f(x)=4¢,—3&, where
x =(&, &). Regard R? as the subspace of R* given by &, =0. Deter-
mine all linear extensions f of f from R? to R,

15. Let Z<R? be the subspace represented by & =0 and let f on Z be
defined by f(x)= (& —&)/2. Find a linear extension f of f to R® such
that f(x,) = k (a given constant), where x,= (1, 1, 1). Is f unique?

2.10 Normed Spaces of Operators. Dual Space

In Sec. 2.7 we defined the concept of a bounded linear operator and
illustrated it by basic examples which gave the reader a first impression
of the importance of these operators. In the present section our goal is
as follows. We take any two normed spaces X and Y (both real or
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both complex) and consider the set
B(X,Y)

consisting of all bounded linear operators from X into Y, that is, each
such operator is defined on all of X and its range lies in Y. We want to
show that B(X, Y) can itself be made into a normed space.'’

The whole matter is quite simple. First of all, B(X, Y) becomes a
vector space if we define the sum T;+T, of two operators T,
T, e B(X, Y) in a natural way by

(Ty+To)x=Tyx+Tox
and the product aT of T e B(X, Y) and a scalar « by
(aT)x = aTx.

Now we remember Lemma 2.7-2(b) and have at once the desired
result:

2.10-1 Theorem (Space B(X, Y)). The vector space B(X,Y) of all
bounded linear operators from a normed space X into a normed space Y
is itself a normed space with norm defined by

Tx
) 170 = sup L= qup 7).
xeX “x" xeX
x#0 lIxll=1

In what case will B(X, Y) be a Banach space? This is a central
question, which is answered in the following theorem. It is remarkable
that the condition in the theorem does not involve X; that is, X may or
may not be complete:

2.10-2 Theorem (Completeness). If Y is a Banach space, then
B(X, Y) is a Banach space.

Proof. We consider an arbitrary Cauchy sequence (T,) in
B(X, Y) and show that (T,,) converges to an operator T€ B(X, Y).

1B in B(X,Y) suggests “bounded.” Another notatipn for B(X,Y) is L(X,Y),
where L suggests “linear.” Both notations are common. We use B(X, Y) throughout.
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Since (T,) is Cauchy, for every £ >0 there is an N such that
IT. = Tl <e (m,n>N).

For all x € X and m, n> N we thus obtain [cf. (3) in Sec. 2.7]
2 I Tox = Tonx| = (T, = T x[| = (| T = Tl Ixl| < ][]l

Now for any fixed x and given £ we may choose £ =g, so that
& ||| < &. Then from (2) we have || T,x — T,.x||< & and see that (T,x) is
Cauchy in Y. Since Y is complete, (T,x) converges, say, T,x —> y.
Clearly, the limit y € Y depends on the choice of x € X. This defines an
operator T: X — Y, where y = Tx. The operator T is linear since

lim T, (ax + Bz)=1lim (aT,x + BT,z) = a lim T,x + B lim T,,z.

We prove that T is bounded and T, — T, that is, || T, — T||—0.

Since (2) holds for every m >N and T,x — Tx, we may let
m —> oo, Using the continuity of the norm, we then obtain from (2)
for every n> N and all xe X

(3) [ Tox = Txl|=[| Tox — lim Tox|| = im. || Tx — Toux|| = €| x]].

This shows that (T,—T) with n> N is a bounded linear operator.
Since T, is bounded, T=T,—(T,—T) is bounded, that is,
Te B(X, Y). Furthermore, if in (3) we take the supremum over all x
of norm 1, we obtain

IT.—Tl=e (n>N).
Hence |T,,—T||—> 0. &

This theorem has an important consequence with respect to the
dual space X' of X, which is defined as follows.

2.10-3 Definition (Dual space X'). Let X be a normed space. Then
the set of all bounded linear functionals on X constitutes a normed
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space with norm defined by

@ 111 =sup L= sup [£0x)

x +0 llxll=1

[cf. (2) in Sec. 2.8] which is called the dual space'! of X and is denoted
by X'. 1

Since a linear functional on X maps X into R or C (the scalar field
of X), and since R or C, taken with the usual metric, is complete, we
see that X' is B(X, Y) with the complete space Y=R or C. Hence
Theorem 2.10-2 is applicable and implies the basic.

2.10-4 Theorem (Dual space). The dual space X' of a normed space
X is a Banach space (whether or not X is).

It is a fundamental principle of functional analysis that investiga-
tions of spaces are often combined with those of the dual spaces. For
this reason it is worthwhile to consider some of the more frequently
occurring spaces and find out what their duals look like. In this
connection the concept of an isomorphism will be helpful in under-
standing the present discussion. Remembering our consideration in
Sec. 2.8, we give the following definition.

An isomorphism of a normed space X onto a normed space X is a
bijective linear operator T: X —> X which preserves the norm, that
is, for all x € X,

T =1l

(Hence T is isometric.) X is then called isomorphic with X, and X and
X are called isomorphic normed spaces—From an abstract point of
view, X and X are then identical, the isomorphism merely amounting
to renaming of the elements (attaching a “tag” T to each point).

Our first example shows that the dual space of R" is isomorphic
with R"; we express this more briefly by saying that the dual space of
R" is R"; similarly for the other examples.

1 Other terms are dual, adjoint space and conjugate space. Remember from Sec. 2.8
that the algebraic dual space X* of X is the vector space of ‘all linear functionals on X.
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Examples

2.10-5 Space R". The dual space of R" is R"™.

Proof. We have R" =R"* by Theorem 2.7-8, and every fe R™*
has a representation (5), Sec. 2.9:

o)=Y, & i = f(ex)

(sum from 1 to n). By the Cauchy-Schwarz inequality (Sec. 1.2),

FOI=Y 16wl = (Z «‘5;2)1/2 (Z 7,3)”2 ~ | (Z y,f)”z.

Taking the supremum over all x of norm 1 we obtain

=(Zw)"

However, since for x = (i1, * - -, v») equality is achieved in the Cauchy-
Schwarz inequality, we must in fact have

=% w)"

This proves that the norm of f is the Euclidean norm, and [f|=|lc|,
where ¢ =(y)€R". Hence the mapping of R™ onto R" defined by
f—— ¢ =(v), v = f(ex), is norm preserving and, since it is linear and
bijective, it is an isomorphism. |

2.10-6 Space I'. The dual space of 1" is I”.

Proof. A Schauder basis (Sec. 2.3) for I' is (ex), where e = (8j)
has 1 in the kth place and zeros otherwise. Then every xcl' has a
unique representation

o0

(5) x= Y &ew

k=1

We consider any fel', where [" is the dual space of I'. Since f is
linear and bounded,

©) fo)= ¥ & 7 =fe)
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where the numbers v, =f(e,) are uniquely determined by f. Also
llexll =1 and

(7 il = [ =f [ el =If1, sup [ye| £

Hence () e l”.

On the other hand, for every b =(B;)€l” we can obtain a corre-
sponding bounded linear functional g on I'. In fact, we may define g on
I' by

g0)= L &b

where x = (&) e I'. Then g is linear, and boundedness follows from

8= X 6Bl = sup 18] L 1&] = lx sup |B;|

(sum from 1 to «). Hence geI".
We finally show that the norm of f is the norm on the space I”.
From (6) we have

170601 = |1 6ew| =sup byl Tl =l sup .

Taking the supremum over all x of norm 1, we see that
Ifll=sup |yl
1
From this and (7),

(8) lI£ll =sup |%l,

which is the norm on [”. Hence this formula can be written||f || = [|c||., Wwhere
c=(y;)e I”. It shows that the bijective linear mapping of I'’ onto I”
defined by f—c =(y;) is an isomorphism. &

2.10-7 Space I°. The dual space of I is 1% here, 1 <p <+ and q is the
conjugate of p, that is, 1/p+1/q=1.
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Proof. A Schauder basis for I” is (ex), where e = (8;) as in the
preceding example. Then every x € I° has a unique representation

9) X = kz:l &ex.

We consider any fel?’, where I[P’ is the dual space of I°. Since f is
linear and bounded,

(10) £(x) =Z B Y = flew).

Let q be the conjugate of p (cf. 1.2-3) and consider x, = (&™) with

(11) g(n)_{l‘YkWyk if k=n and v #0,
() —

0 if k>nor v =0.

By substituting this into (10) we obtain
for)= L &%= 2 lnl"
k=1 k=1
We also have, using (11) and (q—1)p =g,
1/p
fa = 7 el =12 1P )
1/p
= 1f1(Z bydr)
1/p
“171(Z )

(sum from 1 to n). Together,

= Z b =X )

Dividing by the last factor and using 1—1/p=1/q, we get

(Z mwte) ™ = (5, ) =1
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Since n is arbitrary, letting n — o, we obtain

(12 (£ wi) =i

Hence (y) € I

Conversely, for any b=(B;)el? we can get a corresponding
bounded linear functional g on I°. In fact, we may define g on I by
setting

glx)= k; B

where x = (&) € IP. Then g is linear, and boundedness follows from the
Holder inequality (10), Sec. 1.2. Hence geI?’.

We finally prove that the norm of f is the norm on the space 9.
From (10) and the Holder inequality we have

fl=1X &ewl = (Z |§k|p)lfp(z h’kl")”q
=l (Z 1wt

(sum from 1 to »); hence by taking the supremum over all x of norm 1
we obtain

1= (2 bwl) ™

From (12) we see that the equality sign must hold, that is,

(13) 1= ( & k)

This can be written ||f|| =|lc[l,, where ¢ =(w)€l? and v = f(ex). The
mapping of [P’ onto I? defined by f+—— c is linear and bijective, and
from (13) we see that it is norm preserving, so that it is an
isomorphism. 1

What is the significance of these and similar examples? In applica-
tions it is frequently quite useful to know the gerferal form of bounded
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linear functionals on spaces of practical importance, and many spaces
have been investigated in that respect. Our examples give general
representations of bounded linear functionals on R", I' and I° with
p>1. The space C[a, b] will be considered later, in Sec. 4.4, since this
will require additional tools (in particular the so-called Hahn-Banach
theorem).

Furthermore, remembering the discussion of the second algebraic
dual space X** in Sec. 2.8, we may ask whether it is worthwhile to
consider X”=(X")’, the second dual space of X. The answer is in the
affirmative, but we have to postpone this discussion until Sec. 4.6
where we develop suitable tools for obtaining substantial results in that
direction. At present let us turn to matters which are somewhat
simpler, namely, to inner product and Hilbert spaces. We shall see that
these are special normed spaces which are of great importance in
applications.

Problems

1. What is the zero element of the vector space B(X, Y)? The inverse of a
Te B(X, Y) in the sense of Def. 2.1-1?

2. The operators and functionals considered in the text are defined on the
entire space X. Show that without that assumption, in the case of
functionals we still have the following theorem. If f and g are bounded
linear functionals with domains in a normed space X, then for any
nonzero scalars « and B the linear combination h=af+Bg is a
bounded linear functional with domain @(h) =%(f) N D(g).

3. Extend the theorem in Prob. 2 to bounded linear operators T; and T.

4. Let X and Y be normed spaces and T,: X—> Y (n=1, 2,---)
bounded linear operators. Show that convergence T, — T implies
that for every £ >0 there is an N such that for all n> N and all x in any
given closed ball we have ||T,x — Tx| <.

5. Show that 2.8-5 is in agreement with 2.10-5.

6. If X is the space of ordered n-tuples of real numbers and ||x|| = max |&],
1
where x =(&,, -+, &), what is the corresponding norm on the dual
space X'?

7. What conclusion can we draw from 2.10-6 with respect to the space X
of all ordered n-tuples of real numbers?
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8.

9.

Normed Spaces. Banach Spaces

Show that the dual space of the space c, is I'. (Cf. Prob. 1 in Sec. 2.3.)

Show that a linear functional f on a vector space X is uniquely
determined by its values on a Hamel basis for X. (Cf. Sec. 2.1.)

10. Let X and Y#{0} be normed spaces, where dim X =c. Show that

11.

12.

13!

there is at least one unbounded linear operator T: X — Y. (Use a
Hamel basis.)

If X is a normed space and dim X =, show that the dual space X’ is
not identical with the algebraic dual space X*.

(Completeness) The examples in the text can be used to prove
completeness of certain spaces. How? For what spaces?

(Annihilator) Let M# J be any subset of a normed space X. The
annihilator M* of M is defined to be the set of all bounded linear
functionals on X which are zero everywhere on M. Thus M* is a subset
of the dual space X' of X. Show that M* is a vector subspace of X' and
is closed. What are X* and {0}*?

14. If M is an m-dimensional subspace of an n-dimensional normed space

X, show that M*® is an (n — m)-dimensional subspace of X'. Formulate
this as a theorem about solutions of a system of linear equations.

15. Let M={(1, 0, —-1), (1, —1, 0), (0, 1, —1)}<R®. Find a basis for M*.
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